MANIN'S CONJECTURE FOR QUARTIC DEL PEZZO 
SURFACES WITH A CONIC FIBRATION 

by 

R. de la Breteche & T.D. Browning 



Abstract. — An asymptotic formula is established for the number of Q-rational 
points of bounded height on a non-singular quartic del Pezzo surface with a conic 
bundle structure. 
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1. Introduction 

Let fc be a number field. This investigation centres upon the distribution of k- 
rational points on conic bundle surfaces X/Fj^. These are defined to be projective non- 
singular surfaces X defined over fc, which are equipped with a dominant fc-morphism 
vr : X — Pj,, all of whose fibres are conies. A summary of our knowledge concerning 
the arithmetic of conic bundle surfaces can be found in the article by CoUiot-Thelene 
[9]. If —Kx denotes the anticanonical divisor of X, then the degree of X is defined 
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to be the self-intersection number {—Kx, —Kx) = 8 — r, where r is the number of 
geometric fibres above tt that are degenerate. When ^ r ^ 3 it is known that the 
Hasse principle holds for these surfaces, and furthermore, that such X are /c-rational 
as soon as they possess fc-rational points. When r = 4, so that X has degree 4, it 
has been shown by Iskovskikh [17, Proposition 1] that two basic cases arise. Either 
—Kx is not ample, in which case X is fc-birational to a generalised Chatelet surface, 
or else —Kx is ample, in which case X is a non-singular quartic del Pezzo surface. 

Our interest lies with the quantitative arithmetic of degree 4 conic bundle surfaces. 
When X{k) ^$ and the anticanonical height function H : X{k) ^ M^o is associated, 
we seek to determine the asymptotic behaviour of the counting function 

Nu,h{B) := #{x e U{k) : H{x) ^ B}, 

as B — >■ 00, for a suitable Zariski open subset U C X. The conjecture that drives 
our work is duo to Manin [13]. Let PicX be the Picard group of X. Still under 
the assumption that X{k) is non-empty, this conjecture predicts the existence of a 
positive constant cx,h such that 

Nu,HiB) = Cx,HB{log S)-nk(PicX)-l ^ ^ 

as i? — )■ oo. Pcyre [22] has given a conjectural interpretation of cx.h in terms of the 
geometry of X. Until very recently we were not in possession of a single conic bundle 
surface of degree 4 for which this refined conjecture could be established. 

Henceforth we will be interested in the case k = Q. In joint work with Peyre [6], the 
authors have made a study of generalised Chatelet surfaces, ultimately establishing 
(1.1) for a family of such surfaces that fail to satisfy weak approximation. The aim 
of the present investigation is to produce a satisfactory treatment of a non-singular 
del Pezzo surface of degree 4 with a conic bundle structure which admits a section 
over Q. Such surfaces arc defined as the intersection of two quadrics in Pq. When 
-^(Q) 7^ 0, we may assume that X C Pq is cut out by the system 

$i(xo, . . . ,X4) :^ xo^i - a;2a;3 = 0, 

$2(2:0, . . . ,X4) = 0, 

for quadratic forms $1, $2 S Z[a;o, . . . ,X4] such that the Jacobian matrix (V<l?i, V<i?2) 
has full rank throughout X. 

Let II • II : R5 ^ R^o be a norm. Given a point x = [x] € Pq(Q), with x = 
(a;o, . . . , X4) e such that gcd(xo, . . . , X4) = 1, we let H{x) := ||x||. Then H is the 
anticanonical height metrized by the choice of norm. Any line contained in X that 
is defined over Q will automatically contribute cB^ + 0{B log B) to Nu,h{B), for an 
appropriate constant c > 0. Hence it natural to take U C X to be the open subset 
formed by deleting the 16 lines from X. 

The best evidence that wc have for (1.1) in the setting of non-singular surfaces of 
the shape (1.2) is due to Salberger. In work communicated at the conference "Higher 
dimensional varieties and rational points" at Budapest in 2001, he establishes the 
upper bound 

Nu,h{B) = Ox{B^+'), (1.3) 
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for any £ > 0. Here, as throughout our work, we allow the implied constant to depend 
on the choice of e. The Manin conjecture has received a great deal of attention in the 
context of singular del Pezzo surfaces of degree 3 and 4. An account of recent progress 
can be found in the second author's survey [7]. There is general agreement among 
researchers that the level of difficulty in establishing the expected asymptotic formula 
for del Pezzo surfaces increases as the degree decreases or as the singularities become 
milder. Among the non-singular del Pezzo surfaces, those of degree at least 6 are all 
toric and so are handled by the work of Batyrcv and Tschinkel [1]. In [3] the first 
author gave the earliest satisfactory treatment of a non-singular del Pezzo surface 
of degree 5. As highlighted by Swinnerton-Dyer [25, Question 15], it has become 
something of milestone to establish the Manin conjecture for a single non-singular del 
Pezzo surface of degree 3 or 4. 

In this paper we will be concerned with a quartic del Pezzo surface X c Pq of the 
shape (1.2), with 

$2(x) :=x2+.T2 + .T2-x^-2a;i (1.4) 

In particular X contains obvious lines defined over Q, from which it follows that X 
is Q-rational. This fact is recorded by CoUiot-Thelene, Sansuc and Swinnerton-Dyer 
[10, Proposition 2], for example. If L is a line in X defined over Q then it is a simple 
consequence of the fact that any plane through L must cut out a pair of lines L, Li 
on each quadric $i = defining X, and the intersection Lid L2 meets X in exactly 
one further point, which is defined over Q. 
Let II • II be the norm on given by 




All that is required of this norm is that jjxjj = max{|a;o|, |a;i|, |a;2|, jaisj} for every 
X = {xq, ■ ■ ■ , X4) G such that [x] G X, and furthermore ||x'^|| = ||x||, where x."' 
is the vector obtained by permuting the variables xq, . . . ,X3 and leaving fixed. It 
would be possible to work instead with the norm |x| := max{|a;o|, . . . , |a;4|}, but not 
without introducing extra technical difficulties that we wish to suppress in the present 
investigation. We are now ready to reveal our main result. 

Theorem. — We have 

where cx,h > is the constant predicted by Peyre. 

During the final preparation of this paper, the authors have learnt of independent 
work by Fok-Shuen Leung [18] on the conic bundle surface given by (1.2) and (1.4). 
This sharpens Salberger's estimate in (1.3), ultimately providing upper and lower 
bounds for Nu_h{B) that are of the expected order of magnitude. Our result super- 
sedes this, and confirms the estimate predicted by Manin and Peyre in (1.1) for the 
non-singular quartic del Pezzo surface imder consideration. The fact that the Picard 
group has rank 5, as needed to verify the power of logB, will be established in due 
course. 
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The proof of our theorem is long and compHcated. We therefore dedicate the 
remainder of this introduction to surveying some of its key ingredients and indicating 
some obvious hues for further enquiry. Given any non-singular surface defined by the 
system (1.2), it is possible to define a pair of conic bundle morphisms fi : X — >• Pq, 
for i = 1,2. Specifically, for any x G X, one takes 



hix) 

and 

f2{x) 



[xQ,X2], if (a;o, 0:2) 7^ (0,0), 

[X3,xi], if (a;i, 0:3) 7^ (0,0), 

[xoyXs], if (xo,X3) 7^ (0,0), 

[x2,Xi], if (xi,X2) 7^ (0,0). 



For a given point x G X[Q) of height H{x) ^ B, it follows from the general theory of 
height functions that there exists an index i such that x G /j~^(t) for some t G Pq(Q) 
of height 0{B^I'^). The idea is now to count rational points of bounded height on the 
fibres /f ^(t) and f^^it), uniformly for points t G P4(Q) of height ©(B^/^). This is 
the strategy adopted by Salberger in his proof of (1.3). 

In the present situation, with the quadratic form (1.4), the fibres that we need to 
examine have the shape 

Ca,b : (a' - 62)x2 + {a" + b^)y^ = 2z^, (1.6) 

for coprime a,b G Z. It is clear that Ca,b C Pq is a non-singular plane conic when 
the discriminant A(a, 6) — — 2(a^ — 6^) is non-zero. The reduction of the counting 
problem to one involving the family of conies (1.6) is carried out in §3, where we have 
avoided using the height machinery by doing things in a completely explicit manner. 

As is well-known there is a group homomorphism PicX — > Z, which to a divisor 
class D G PicX associates the intersection number of D with a fibre. The kernel 
of this map is generated by the "vertical" divisors, which up to linear equivalence 
are the irreducible components of the fibres. Since the non-singular fibres are all 
linearly equivalent, it follows that PicX has rank 2 + n, where n is the number of 
split singular fibres above closed points of Pq. In our case there are three closed 
points, corresponding to the irreducible factors a — b,a + b and -|- 6^ of A(a, 6). 
Since each singular fibre is split it follows that PicX = Z^, as previously claimed. 

Roughly speaking, as one ranges over values of [a,b] G Pq(Q) of height 0(3^/"^), 
one expects there to be about (logi?)^ rational points on Ca,b with height restricted to 
appropriate intervals. The preliminary reduction to [a, h] G Pq(Q) of height 0(i3^/^) 
is absolutely pivotal here: it is only through this device that we can cover U (Q) 
with a satisfactory number of divisors. Were we charged instead with establishing an 
upper bound like (1.3), our analysis would now be relatively straightforward, thanks 
to the control over the growth rate of rational points on conies afforded by the second 
author's joint work with Heath-Brown [8, Theorem 6]. A key aspect of this estimate 
is that it is uniform in the height of the conic, becoming sharper as the discriminant 
grows larger. In §4 we will take advantage of these arguments to eliminate certain 
awkward ranges for a, b in (1.6). 
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Obtaining an asymptotic formula is a far more exacting task. Using the large sieve 
inequality, Serre [24] has shown that most plane conies defined over Q don't contain 
rational points. This phenomenon might pose problems for us, given that we want 
a uniform asymptotic formula for a Zariski dense set of rational points on the fibres. 
Our choice of surface has been tailored to guarantee that this doesn't happen, since 
the corresponding fibres (1.6) always contain the rational point 

^=[1,-1, a]. (1.7) 

In the classical manner wc can use this point to parametrise all of the rational points 
on the conic, which ultimately leads us to evaluate asymptotically the number of 
points belonging to a 2-dimensional sublattice A C which are constrained to lie in 
an appropriate region C . Both A and depend on the parameters a and 6, so 
this estimate needs to be achieved with a sufficient degree of uniformity. Assuming 
that ^ has piecewise continuous boundary, we would ideally like to apply the familiar 
estimate 

#(An^) = ^^ + 0(a^ + i), (1.8) 

where denotes the perimeter of Unhappily this estimate is too crude for 
our purposes. We will use Poisson summation to make the error term explicit. The 
reduction of the problem to a lattice point counting problem is carried out in §5 and 
its execution is the subject of §§6-8. 

The one outstanding task, which is the focus of §9, is to evaluate asymptotically 
the main term arising from the lattice point counting problem. It turns out that this 
involves a sum of the shape 
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^„ maxja, ' 

(a,b)ei.^n.sg 

gcd{a,b) — l 

for a certain multiplicative arithmetic function g that is very similar to the ordinary 
divisor function T(n) := 1. The problem of determining the average order of the 
divisor function as it ranges over the values of polynomials has enjoyed considerable 
attention in the literature. In the setting of binary forms current technology has 
limited us to handling forms of degree at most 4. When g = t Daniel [11] has dealt 
with the case of irreducible binary quartic forms. We need to extend this argument 
to deal with a more general class of arithmetic functions and to binary quartic forms 
that are no longer irreducible. We have found it convenient to corral the necessary 
estimates into a separate investigation [5] , which is of a more technical nature. The 
facts that wc will need are recalled in §2. 

Our main goal in this paper is to outline a general strategy for proving the Manin 
conjecture for non-singular del Pezzo surfaces of degree 4 equipped with a conic bundle 
structure admitting a section over Q. In order to minimise the length and technical 
difficulty of the work, which is already considerable, we have chosen to illustrate the 
approach by selecting a concrete surface to work with. It is likely that the argument we 
present can be adapted to handle other conic bundle surfaces. For example, consider 
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the family of surfaces (1.2), with 

(f>2(x) := cqXq + ciXj + C2X2 + C3X3 + C4X4. 

It is easy to check that X will be non-singular if and only if cq • • • C4 ^0 and CqCi 7^ 
C2C3. As we've already mentioned, our success with (1.4) is closely linked to the 
existence of an obvious rational point (1.7) on all of the fibres (1.6). This is equivalent 
to the map X(Q) — > Pq(Q) being surjective. A necessary and sufficient condition for 
ensuring this is that the morphism X — > Pq should admit a section over Q. This fact 
has a long history and can be traced back to work of Lewis and Schinzel [19]. Even 
when the conic bundle surface admits a section, however, there remains considerable 
work to be done in handling a general diagonal form $2 as above. The corresponding 
fibres will take the shape 

/i(a, b)x'^ + /2(a, 6)y2 + az"^ = 0, 

for binary forms /i(a, b) = cqo^ + c^b'^ and /2(a, b) — 020^ + Ci6^. Thus, at the very 
least, one needs analogues of our investigation [5] for the case in which /1/2 factors 
over Q as the product of two quadratic forms or splits completely. 

Notation. — Throughout our work N will denote the set of positive integers. If 
a, & G N then we write gcd(a, 6) for the greatest common divisor of a, 6 and [a, 6] = 
ab/ gcd(a, b) for the least common multiple. We set 

(a, b\ := 2-''2(gcd(a,b)) gp^(^^ 9) 

for the odd part of the greatest common divisor, and use the symbol ^ ^ to indicate 
a summation in which all the variables of summation are restricted to odd integers. 
Furthermore, our work will involve the arithmetic functions 

^(n):=nn(l-^), ^*{n):='^, ^^n) := R + " (^-l^) 

p\n p\n 

Finally, in terms of the parameter B, we set 

Zi := sViogiogS^ Z2 := loglogS. (1.11) 

We will reserve c > for a generic absolute positive constant, whose value is always 
effectively computable. 
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Denis Diderot. The hospitality and financial support of these institutions is gratefully 
acknowledged. It is a pleasure to thank Olivier Wittenberg for useful conversations 
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2. Technical results 

Our work requires a number of auxiliary results, ranging from basic estimates using 
the geometry of numbers to more sophisticated results concerning the divisor problem 
for binary quartic forms. 

2.1. Counting rational points on curves. — As made clear in the introduction 

to this paper, our proof of the theorem uses the conic bundle structure in order 
to focus the effort on a family of curves of low degree and rather low height. The 
following result is due to Heath-Brown [16, Lemma 3], and deals with the situation 
for lines in Pq, the rational points on which basically correspond to integer lattices of 
rank 2. 

Lemma 1. — Let l\ C I? he a lattice of rank 2 and determinant detA, and let 
^ cM? be any region with piecewise continuous boundary. Then we have 

#{x e A : gcd(xi,X2) = 1} < 1 + ^"^^^"^^ . 

Our next uniform upper bound is extracted from joint work of the second author 
with Heath-Brown [8, Corollary 2], and handles the case of non-singular plane conies. 

Lemma 2. Let C C Pq be a non-singular conic. Assume that the underlying 
quadratic form has matrix of determinant A, and that the 2x2 minors have greatest 
common divisor Aq . Then we have 

Taking Bi = B2 = = B in Lemma 2, we retrieve the well-known fact that a 
non-singular plane conic C C Pq contains Oc{B) rational points of height B. 

2.2. Generalisation of Nair's lemma. — In the setting of polynomials in only 
one variable there is a well-known result due to Nair [21] which provides upper bounds 
for the average order of suitable non-negative arithmetic functions as they ranges over 
the values of the polynomial. Taking advantage of the authors' refinement [4] of this 
work we have the following result. 

Lemma 3. — Let e > Q, let a gN and let 6 G {0, 1}. Then for x ^ there exists 
an absolute constant c > such that 

^ T(n)V(n2 + a) <C ip^ {ayx{logxy+^ . 
Proof. — Define the multiplicative arithmetic function 
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for any prime power p''. We have r(ni)T(n2) ^ T'{nin2) for any ni, 7x2 G N. Let Ss{x) 
denote the sum that is to be estimated. On replacing r by r' we find that 

Ss{x) ^J2^'(''^(''^ + °'^^- 

Now for any a G N it is clear that the polynomial f{t) = t^it^ + a) has degree 2 + 5, 
that it has discriminant A/ = — 4a^+^* and that it has no fixed prime divisor if ^ = 
or a is even. If (5 = 1 and a is odd then 2 is a fixed prime divisor of /. But then we 
may break the sum into two sums according to whether n is even or odd and make a 
corresponding change of variables, absorbing the additional factor r'(2) = 2 into an 
implied constant. An application of [4, Theorem 2] now reveals that 



s.(x)«.n(i-^)s: 



p^x m^x 



for X ^ a^, where Qf{m) denotes the number of roots modulo m of the congruence 
/(n) = mod m. Recall the well-known inequalities gjip") ^ ip^^"^^) ^ for any prime 
power, and Qf{p") ^ 3 if p f A/. Then it follows that 

^ T'{m)Qf{m) <^ (^1 + + ^ 

for a suitable absolute constant c > 0. On noting that 

Qf{p) = ^ + 5+[^), 
for p > 2, this therefore concludes the proof of the lemma. □ 

We will also need a version of Nair's lemma for binary forms G 'L[x\,X2]- Let ||F|| 
denote the maximum modulus of its coefficients and set 

*, \ 1 41 \ , \ ^ (a 12 gcd(ni,n2,m) = 1 "i 
SF{^)--=^f[i^^^^2)^i^M ■■ FK,n2)^0modm I' 

for any to G N. The following estimate is deduced from [4, Corollary 1] by specialising 
to the generalised divisor function rfe(n) := Y^n^di—dk ^■ 

Lemma 4- — Let e > and let F e Z[xi,X2\ be a non-zero binary form of degree d, 
with Disc(F) ^ and F{1, 0)F(0, 1) 7^ 0. Then we have 

E Tfc(|F(ni,n2)|)«d,fc ||i^|r(BiS2£ + max{Si,B2}'+^), 

|rai|<-Bi |rs2|^S2 
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where 

c«p^min{Si,S2} 



2.3. The divisor problem for binary forms. — Throughout this section we 
let i denote a generic element from the set {1,2}. Let Li,Q e Z[xi,X2] be binary 
forms, with degij = 1 and deg Q — 2, such that Li, L2 are non-proportional and Q is 
irreducible over Q. Let ^ C [—1, 1]^ be a convex region whose boundary is defined by 
a piecewise continuously differentiable fvmction. Assume that Li{x) > and Q(x) > 
for every x S The workhorse in this paper is an asymptotic formula for sums akin 
to 

T(Ll(x)L2(x)g(x)) 

4^ max{|a;i|, |a;2|}^ 

gCci(,Ti,,7:2) = l 

where r is the divisor function and := {Xx : x e 

In fact the arguments that appear in our work call for a rather more general type 
of sum. Suppose that g — h * t is the Dirichlet convolution of the divisor function 
with a multiplicative arithmetic function h that satisfies 

\h{d)\ 



«: 1. (2.1) 



Let y C [0, 1]^ be a region cut out by a finite number of hyperplanes with absolutely 
bounded coefficients. For any F > 2 we define 

ff(Li(x), L2(x), Q(x); Y- V) := ^ (1 * K){d). 

d|Li(x)L2(x)Q(x) 
di=gcd(d,Li(x)), d3=gcd(d,Q(x)) 

I 1°8 til log d-l log da logmax{|xi|,|x2|> 

log y Mog ' 2 log y ' log r 

Then we will encounter sums of the shape 

S{XY-V)-= V g(-^iW,^2(x),Q(x);y;F) 
^ 4^ max{|a;i|,|a;2|}2 

gcd(a;i,X2)=l 

If one takes V = [0, 1]^ and Y a multiple of X then g[Lx-, L2, Q; Y; V) = g{LiL2Q). 
Moreover, if one takes 



h{n) = U{n) 



1, if n = 1, 
0, otherwise, 



then one arrives at exactly the sum involving r that was mentioned above. 
For any prime p and z^i, ^2, z^s ^ 0, let 

r pfx, \ 

^.t(i.i,i.2,i^3):=#<^xe(Z/p'^^+'^^+''^^+iZ)2: p-iL,(x), ) (2.2) 

and 

qI{u^,V2,v^) :=p-2(''^+''^+^^+^)4(i^i,i^2,r^3). (2.3) 
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Here, we follow the convention that p'^\\n if and only if fp(n) = ly. The following 
asymptotic formula is established in our companion paper [5, Corollary 3]. 

Lemma 5. — Let e > 0. Assume that 2 ^ X ^ X^l'^ . Then we have 

Sg{X, Y; V) = AC* vol(^) Yo\{Vo){\ogYf + OL,,Q{{\ogX^ lY){\ogYf + {\ogXf+'), 

where 

^* = Vl{}- E 5(P^^+''=+''^)4(^l''^2,I^3) (2.4) 



Vo := y n {v e [0, 1]^ : max{t;i,t;2, t^s} < "^4 < 



(2.5) 



We will ultimately apply Lemma 5 with L\LiQ(a, b) equal to the discriminant 
A(a, 6) of the conic (1.6). The exponent of logY in the lemma reflects the fact that 
we are dealing with binary forms with three irreducible factors. The attentive reader 
will observe a correlation with our description of the rank of PicX in §1. 

We will be interested in applications of Lemma 5 when g : N — ^ M is the multi- 
plicative arithmetic function defined via 



max{l,i^— 1}, ifp = 2, 

l + uil-l/p)/il + l/p), ifp>2. 

It easily follows that g = h*T, with 



'0, 


if p > 2 and f ^ 2, 


-2/(p+l), 


if p > 2 and = 1, 




lip = 2 and v A, 


1, 


if p = 2 and v = 3, 


0, 


lip = 2 and v = 2, 


.-1. 


lip = 2 and u = 1. 



(2.6) 



(2.7) 



In particular \h{n) \ <C n for any £ > 0, whence (2.1) holds. 



3. Preliminary manipulations 

Recall the definition of the quadratic forms i>i, $2 from (1.2) and (1.4). We begin 
this section by relating Nu,h {B) to the quantity 

^ ^ 1 $i(x) = $2(x) = 0, {a;o,a;i} ^ {a;2,a:;3} J ^ ' 

in which the main difference is that the count is restricted to positive integer solutions. 
This is achieved in the following result. 

Lemma 6. — We have Nu,h{B) = 8Ni{B) + 0{B). 
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Proof. — It follows from the calculation of the lines in §10 that the condition x G U 
is equivalent to {|a;o|, |a;i|} 7^ {\x2\, \x3\}, for any x = [x] G X. We therefore deduce 
that 

Wa,H(i^)-2#|xeZ . $^(^) = $^(^)=o, {\xo\,\xi\}y^{\x2\,\xs\} l 

It follows from the equation $2(x) = that the condition gcd(xo, . . . , a;4) = 1 is 
equivalent to gcd(a;o, xi, 2:2, xs) = 1 for any vector x in which wc are interested. 
Furthermore, for x such that <i>i(x) — "I>2(x) = 0, it is clear from (1.5) that 

||x|| = max||a;o|, |a;i|, \x2\, jxsl, -^^xl+xj+xl - a:|| = max{|xo|, . . . , |x3|}. 

We proceed to consider the contribution from the vectors x e for which ||x|| < B 
and 

$i(x) = $2(x) = 0, a;oa;ia;2a;3X4 = 0. 
Let us begin with the case Xi = 0, for i € {0,1,2,3}. This hyperplane section leads 
us to estimate the number of solutions to an equation of the form ± 2/^ ± 2z^ = 
with gcd(a;, y,z) = 1 and max{|a:|, \z\} < B. An application of Lemma 2 therefore 
yields a contribution of 0{B) from this case. Turning to the contribution from the 
case Xi = Q and X0X1X2X3 ^ 0, our task is to estimate the number of primitive vectors 
{x, y, z, t) e Z^g such that 

xy = zt, x^ +y'^ + z"^ = , 

with max{|a;|, |y|, < B. It is a simple matter to show that there is an overall 

contribution of 0{B) from this case. Bringing everything together we have therefore 
shown that 

gcd(xo, . . . ,X3) = 1, 
5 max{|a;o|, . . . , Ixal} < S, 

^e^/o- $,(x) = <l>2(x)=0, 

{|xo|,|a:i|}^{|x2|,|x3|} 

It remains to show that we can restrict attention to positive values of xq, . . . , X4. 

But this follows on noting that $2 is invariant under sign changes in the components 
of X, and $1 demands that xqXi should share the same sign as X2X3. Thus the above 
cardinality is 16A''i(B), with Ni{B) given by (3.1), and the lemma follows. □ 

The next stage of the argument involves parametrising the solutions to the equa- 
tion $i(x) = 0. It is a simple exercise to show that the sot of xo,xi,X2,X3 e N 
such that xoxi = X2X3 and gcd(xo, . . . , X3) = 1, is in bijection with the set of 
y = (2/02, 2/03, J/12, 2/13) e such that 

gcd(?/02,2/13) = gcd(j/03,J/12) = 1, 

the relation being given by 

XO = 2/022/03, Xl = 2/122/13, X2 = 2/022/12, X3 = 2/032/13- 

Define 

*(y) := max{2/022/03, 2/122/13, 2/022/12, 2/032/13}- 



NuMB) = \* { 



0{B). 
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On recalling the definition (3.1), it is easy to see that 

{gcd(yo2,yi3) = gcd(2/03,yi2) = 1 
(y,a;4)eN^ $2(x)=0, *(y) < B, \, 
yo2 ^ yi3, yos 7^ 2/12 • J 

where x denotes {yQ2yQ3, jmvis, yo2yi2, yo3yi3, X4) . 

Given integers a,b, recall the definition (1.6) of the plane conic Ca,b C Pq. Writ- 
ing (a, 6) = {yo2, Via) and {x, y, z) = {yo3, J/12, X4), it follows that Ni{B) is the number 
of {a,b,x,y,z) G such that (1.6) holds, with 

gcd(a, b) = gcd(a;, y) = 1, ab, xy ^ 1, max{a, 6} maxja;, y} < 

For a, 6 e N we define the quantities 

_ f gcd(x,2/) = l, 1 

M„,b(B) := # ^ (a;, y, 2) e Ca,6 n : max{a, 6} < niax{x, y}, \, (3.2) 

max{a, 6} maxjcc, y} ^ B J 

M„,(i^):=#{(.,y,.)eC.,nN3: ^^^{^^^^7.^^^^^ }' (3-3) 
M.,(5):=#{(.,y,.).a,.nN3: ^^iK^f^L^^ }' ^''^^ 

where Ca,b C Pq is the conic (1.6). There is an abuse of notation here, in that we 
are interested in vectors {x,y,z) G that lie in the affine cone above Co, 6, rather 
than points [x,y,z] E Ca_b{Q) in which coordinates are chosen so that x,y,z > 0. 
Note that we must automatically have xy 7^ 1 in the definition of Ma^b{B) since 
1 ^ max{a,6} < max{a;,y}. Hence Ma,b{B) < Ma,b{B) < Ma,b{B). We have 

iVi(B) = ^ Ma,6(B) 

a,b^B 
gcd(a,6) — l,a6^1 

and we are now ready to establish the following result. 
Lemma 7. — We have 

m{B) = 2 Yl M^AB) + 0{B{logBf), 

a,b<\/B 
gcd(a,6)=l, 067^1 

where Mafi{B) is given by (3.2). 

Proof. — Fundamental to our argument is the observation [x, y, z) € Ca,b H if and 
only if (6, a, z) € Cy^x H N^. From this it easily follows that 

N^{B) = 2 Ma,biB) + N[{B), 

a,b<VB 
gcd(a, 6) = 1,067^1 
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where 

N[{B):= V #|(x,y,.)eC,,nN^: S^^(^'^) = l' , A. 
^ ' ^ 11 y\ I , maxja, 0} = maxja;, ?/} I 

gcd(a,b) — l,a6^1 

To estabhsh the lemma it therefore suffices to show that (B) <C -B(log . Without 
loss of generality we may view N'y {B) as being the overall contribution from vectors 
such that 

max{a, b} = b = y = max{a;, y}, 
the remaining 3 cases being handled in an identical fashion. Arguing as above, we 
find that 

Ar{(S) ^4#i (a,x,y,z) eN^ : gcd(y, xa) = 1, I. 

maxja;, a} < y < \/B J 

The overall contribution to the right hand side from the case a = y, so that a = y = 1, 
is clearly 0(1). We will estimate the remaining contribution by first fixing a choice 
of y and a, and then summing over all available x and z. First wc note that y is 
necessarily odd in any 4-tuple (a, x, y, z). 

For fixed a, y the form a;^(y^ — a^) + 2z^ defines a positive definite binary quadratic 
form of discriminant D = — 8(y^ ~o^) 7^ 0. In particular the total number of available 
x,z is bounded by the number of representations Rniy^iy"^ + a^)) of y^iy"^ + a^) by 
a complete system of inequivalcnt forms of discriminant D. It easily follows that 

7V((B)<4 RD{y\y^ + a'')) + 0{i), 

y,a6N 
%> gcd(a,j/)=l 

with £> = — 8(y^ — a^). By the classical theory of binary quadratic forms we have 
RD{y\y-' + a^)) = 2 J2 XD{d)^T{y\y^ + a'))=r{y')T{y' + a'), 

where xd is the Kroneckcr symbol. The last equality follows since gcd(a, y) = I. An 
application of Lemma 3 therefore reveals that there is an absolute constant c > 
such that 

Ni{B)« ^ r{y^) ^ T{y^ + a^) + Vb ^ Vb log B ^ ^HyTriv^) 

«B(logB)3, 

where (f^ is given by (1.10). This completes the proof of the lemma. □ 

4. Reducing the range of summation 

It will greatly facilitate our arguments if we can reduce the range of summation 
for a, h ill the; statement of Lemma 7. The main aim of this section is to establish the 
following result. 
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Lemma 8. — Let T > and recall the definition (3.4) of Ma^B). Then we have 
the following estimates 



Ma,b{B) « S(log Bf log(T + 2) 



\/B/T< max{ a , 6} ^ \/S 
gcd(a, 6) = 1,067^1 

E M^,iB)«^^i^ + Bilo,Br. 

T min{a,f), I o-b| } <max{a,6} 
gcd(a,6) — l,a6^1 

Applying the second estimate in Lemma 8 with T = 1/2 and inserting this into 
Lemmas 6 and 7, we easily conclude that 

Nu,H{B)^BilogB)\ 

Achieving a corresponding lower bound for Nij,h{B) is straightforward. We will have 
to work much harder to deduce an asymptotic formula. 

Proof of Lemma 8. — The main tool in our proof of this result is Lemma 2. For the 
conic Ca,b defined in (1.6) we have A = — 2(a'* — 6^) and Aq <C 1, since gcd(a, h) = 1 
by assumption. It therefore follows that 

B 

max{a, &}^/^|a — b\^ 

Thus there are two terms to consider, both of which we must sum over the relevant val- 
ues of a, b. Lemma 4 immediately implies that the first term contributes 0(i3(log B)^) 
to the two sums in the lemma, thereby allowing us to concentrate on the contribution 
from the second term. We will show that 

E 5SfeS73«(l°g-)'l°g(^ + 2) (4.2) 

max{a,x/y}<b^a; 
0^i/min{a,6-a}<6^x ' ' ^ 

for any y > 0. Combining these with (4.1). one easily verifies that these estimates are 
enough to complete the proof of the Icnniia. 

It therefore remains to establish (4.2) aud (4.3). Beginning with the estimation of 
the sum in (4.2), which wc denote by S{x,y), it will be convenient to set u = b + a 
and V = b ^ a. In particular 6^ — a"* = uv{v? + f^)/2. Wc deduce that 



M„,>(B)«.(|„'-i,'|)(l+ g ). (4.1) 



x/yKu^lx x/y<u^2x v<u 



But then it follows from combining Lemma 3 with partial summation that 

r(w) 
u 



S{x,y) <^{\ogxf V ^^\uy<^{logxflog{y + 2), 

x/y<u-^2x 
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for an absolute constant c > 0. This completes the proof of (4.2). 

It remains to estimate the sum in (4.3), which we also denote by S{x,y). It easily 
follows that 

V '»/ 65/3^1/3 Jj5/3tfj _ a\l/3 

ya<b^x 0(iy{b-a)<b^x ^ ' 

On taking dyadic intervals for a <b/y and 6 ^ a:, we see that the first sum here is 

^ V 1 V , ^ A-^/^(ioga^)^ ^ A^o&^Y I 1 

by Lemma 4. Similarly, on setting u = b + a and w = 5 — a as above and taking dyadic 
intervals for u ^2x and v ^ m/j/, we deduce from Lemma 4 that the remaining sum 
is 

as required for (4.3). This completes the proof of the lemma. □ 

The sort of argument used to prove (4.2) and (4.3) will feature quite often in our 
work. Recall the definitions (1.11) of Zi and Z2. It is easy to see that \ogZi = 
(log ) /(log log S) and 2^^ has order of magnitude logS. Our next task is twofold. 
Firstly, we would like to be able to restrict attention to values of a, b belonging to the 
set 

ma.x{a,b} < VB/Z^, 

(a &) G • ^} ^ -^2 min{a, b, \a - b\}, 

' gcd(a, b) = 1, a& ^ 1, 
iy2ia^ - b^) ^ Z2 

Here c > is an absolute constant that when appearing as an exponent of Zi , we will 
view as being sufficiently large to ensure that all of our error terms are satisfactory. 
Secondly, we wish to show that Ma,b{.B) can be replaced by M^^biB) in Lemma 7, 
with a negligible error. Both of these objectives are achieved in the following result. 

Lemma 9. — We have 

{a,b)^!^x 

where Ma,b{B) is given by (3.4) and is given by (4.4). 

Proof. — Taken together with Lemma 7, an application of Lemma 8 easily implies 
that 

*.(B) = 2 E M,,,S) + 0(M). (4.5, 

max{a,b}<\/s/Zi 
inax{a,6} ^2^1 min{a,6,|a— 6|} 
gcd(a,6) = l,a67^1 



^1 := < 



> • (4.4) 
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Let US proceed by indicating how to replace Mafi{B) by Ma^b{B) in the summand. 
Using the fact that max{a, 6} < \fBIZ\ it is easy to see that 

But then it follows that we are interested in values of a;, y such that 

B 



max{a;,y} < 



maxja, 6} ' 



An argument based on the proof of Lemma 8 reveals that we can replace Ma,b{B) by 
Maj,{B), as required. 

In order to restrict to a summation over (a, h) G we must consider the contri- 
bution from a, b such that ^2(0^ — h"^) > Z^. In view of Lemma 4 and (4.1), one sees 
that the overall contribution is bounded by 



(a + 6)5/3|a-6|V3; 

gcd(a,fc) — l,a6^1 

g(logB)3 B ^ ^^2(a^ - b^)T(|a^ - b^l) 
^ Zf- ^ (a + 6)5/3|a-6|V3 " 

gcd(a,6) — l,a6:^l 

Let US suppose without loss of generality that a > 5 in the remaining sum. On writing 
(it, I)) = (a + 6, a — 6), we see that the sum over a, 6 is 

u5/3t;l/3 ^ ^5/3^1/3 ' 

t)<«<2VB/ZJ i;<m<2VB/ZJ 

where t" is defined via 

One easily confirms that the proof of Lemma 3 goes through with t replaced by r", 
whence the argument used to establish (4.2) applies in this setting too. Thus it follows 
that the contribution to the main term in (4.5) from v^if^ — b^) > Z2 is satisfactory. 
This completes the proof of the lemma. □ 




5. Parametrisation of the conies 

In this section we concern ourselves with estimating Ma,b{B), as given by (3.4). 
Recall the definition (1.6) of Ca,b- Fundamental to our approach is the observation 
that for each a, 6 G N, the conic Ca.t always contains the rational point ^ in (1.7). We 
are therefore in a position to parametrise all of the rational points on the conic by 
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considering the residual intersection with Cafi of an arbitrary line through ^. Define 
the binary quadratic forms 

Qi{s,t) := 2s^ + (a^ - h'^)t^ - 4ast, 

Q2{s, t) := -2s2 + - h^)^ , (5.1) 

Q:i{s, t) :^ -2as^ + 2(0^ - b'^)st - aia^ - b'^)t^, 

for given a,b E N such that gcd(a, b) = 1 and ab ^ 1. In particular we will always 
have ±b^ 7^ 0. One easily checks that 

Q3{s,t) =t-^{sQi{s,t) + {s-at)Q2{s,t)). (5.2) 

The main aim of this section is to establish the following result. 

Lemma 10. — We have 

gcd(s, t) = 1, s{s — at) 7^ 0, 

.s/t^{a^-b^)/{2a), 



Ma,b{B) = # I 



{s,t)&'L . ^^^^ o<-g3(s,t), 



)+0{l), 



0<-g,(s,0<5^/ori = l,2 
where A = gcd{Q\{s,t),Q'2{s,t)). 

Proof. — Recall the definitions (1.6) and (1.7) of Ca,b and ^, respectively. Let 

:= {(a^ - b'^)x - {a^ + b'^)y - 2az = O}. 

This is the tangent line to Ca,b along ^. Let ^ denote the set of projective lines 
in Pq that pass through ^, and let .Sf{Q) be the corresponding subset that are defined 
over Q. We will write ^ = ^ \ {L^}. Now let U C Ca,b denote the open subset 
formed by deleting ^ from the conic. As is well-known, the sets U (Q) and ^ (Q) are 
in bijection. 

The general element of .5?(Q) is given by 

Ls,t := {sx + (s - at)y - tz = O}, 

for s,t G Z such that gcd(s, s — at,t) = gcd{s,t) = 1. There is clearly a bijection 

between those lines for which t < and those for which t > 0. We henceforth fix 
our attention on the latter. In order to have a point in (Q) we must insist that 
(s, t) 7^ (o^ — 6^, 2a), which is clearly equivalent to the condition s/t 7^ (a^ — 6^)/(2a). 
Moreover, there are only 0(1) points in '^^(Q) that correspond to taking t = 0. 

To make the bijection between U (Q) and (Q) completely explicit a routine cal- 
culation reveals that a point [a;, y, z] is in the intersection Lg^t H Ca,b if and only 
if X = — y, or else Q2{s, t)x = Qi(s, t)y, in the notation of (5.1). The first alternative 
leads us to the point ^, which is to be ignored. The second alternative implies that 

tQi{s,t)z = [sQi{s,t) + (s - at)Q2{s,t))x = tQz{s,t)x, 

by (5.2), in the equation for L^^t- Any vector {x,y,z) G that represents a point in 
Ca, 6(Q) is primitive if and only if gcd(a;, y) = 1. Writing A as in the statement of the 
lemma, we therefore find that 

{x,y,z) = ±{Qi{s,t)/X,Q2{s,t)/X,Q3{s,t)/X). 
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for any [x, y, z] G {U Ci L^^t ) 

So far we have recorded an explicit bijection between elements of U{Q) and (Q). 
In deriving an expression for Ma,b{B) in terms of this bijection we will need to re- 
strict the corresponding values oi s,t that are to be considered. Specifically we will 
only be interested in the values of (s, G Z x Z>o for which gcd(s, t) = 1 and the 
corresponding values oix,y,z lie in the region defined by the inequalities 

x,y, z > 0, max{a, b} max{a;, y} ^ B. 

Finally, we will want to exclude the possibility that s{s — at) = 0. Since there are 
only 0(1) such values of s, t to worry about, this therefore concludes the proof that 

gcd(s, t) = 1, s(s — at) 7^ 0, 

72 



sA^(a2-&2)/(2a), 



)+o{i). 



MM = 1. # (^^ e : , > 0, < sOsi; t), 

'^^^'^ ' 0<eQ,(a,i)<,,:5^fori = l,2 

Our final task is to show that e = —1 in this expression. Suppose that e = +1. 
The height conditions imply that Q2{s,t) > and t > 0. But then it follows that 
we must necessarily have sgn(a — b) = 1. However we must also have Q3{s,t) > 0, 
whence 

- - &2(s - t')^ - (2a - - b'^)s'^ - (a - V^F^)t'^ > 0, 

where we have written t' = ts/o? — b"^ for ease of notation. This contradiction estab- 
lishes the lemma. □ 

Lemma 10 allows us to translate the underlying problem to one that involves 
counting primitive lattice points in a complicated region contained in M^. Before we 
proceed to consider this region in more detail, it will be necessary to gain a better 
understanding of the greatest common divisor A. 

Lemma 11. — Let a,b be coprime positive integers such that ab ^ 1. Let s,t be 
coprime integers and let X = gcd{Qi{s,t),Q2{s,t)). Then we have X = 2'^XiX2, where 

if2\ab and 2\t, 
if2\ab and 2 | t, 
if2\ab and 2\s, 
j_min{2 + 1/2(5), ^'2(0^ - 6^)}, if2\ab and 2 | s, 



(5.3) 



Ai = (s, a^ - 6^)t, A2 = (s - at, + 6^)^, 
in the notation of (1.9). 

Proof. — Let us write A = 2''A' for > and A' e N odd. Observe that 

A = gcd(gi, Q2) = gcd(gi - Q2, Q2) = gcd(4s(s - at), -2s'^ + {a^ - b'^)t^). (5.4) 

The precise value of v will depend intimately on the 2-adic valuations of a, b, s and t. 
Let us write 

a = 2"a', 6 = 2^6', s = 2''s', t = 2"f', 
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for a, /3,a,T ^ and a'b's't' odd. It follows from (5.4) that 

ly = min{2 + a + 1^2(2'' s' - 2"+^t'a'), U2{-2'+^^ s'^ + (22"a'' - 2''f^b''')2'H'^)}. 

Suppose first that a = /3 = 0. Then 

u = min{2 + (7 + V2{2''8' - 2-'i! a'),V2{-2'+^'' s'^ + {a'^ - h'^)2'H'^)}. 

Thus either ct = 0, in which case v = l,ov else <t ^ 1. In the latter case r = and it 
follows that 

V = min{2 + <T, z/2(-2^+2'^s'^ + (a'^ - h'^)t'^)} = min{2 + a, 1/2(0'^ - 6'^)}. 

Differentiating according to whether a > 1 and /3 = 0, or a = and j3 ^ is easily 
checked that 

fl, ifr^l, 
|0, ifT = 0. 

Turning to the odd part A' of A, wc deduce from (5.4) that 

A' = (s(s - at), -25^ + (a^ - h'^)t\ 

= (S, -2s2 + (a2 _ &2)i2>)^^_^ _ _2g2 _^ (^2 _ ^2-)^2^^ 

= {s,a^ - b'^),{.s - oi. + 6^)1,. 
This completes the proof of the lemma. □ 

Note that the last equality in (5.3) is only possible if ^ 2 since — 6^ is divisible 
by 4 if a and b are both odd. Define the three quadratic forms 

, , „ 2 l-u^ o 4 
Puis,t):-2s -J^^t ^W^f'' 

1 _ ^2 

qu{s,t) := 2s'' - -t"" , (5.5) 

1 1 — I 

for any positive u^l. We may then write 

Qi{s,t) = -Pb/a{s,at), Q2is,t) = -qb/ais,at), Q3{s,t) = -arb/a{s,at), 

in (5.1), where a = ^/\a?'^^W\. 

For any X > we define the region 

^iX) := {(M) eR.R^o: o^^^^'i^,); 0,(., ,) ^ -X 

r 0<r,/,is,. /W^\t ), ] (5.6) 

= e R X M>o : < P6/a(s, v^a^^t) < X, 

I 0<q,/,{s,^\a^-b^\t)^X 

Furthermore, we set 

^'{X):={{s,t)G^{X):s{s-at)j^O, s/t ^ {a^ - b^)/{2a)} (5.7) 
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and 

r Q,(s,t)^0forl^j<3, ] 

^\X):= {{s,t)€R^ : \Qi{.s,t)l\Q2{s,t)\ ^ X \. (5.8) 

[ st{s~at)^0, s/ty^{a^-b^)/{2a) J 

Bringing together Lemmas 10 and 11, we may deduce that 

oo 

M„,6(B) = ^ L(a,6;B;iv,Ai,A2) + 0(l), (5.9) 

iy=0 Ai|a2-52 A2|a2+62 

where L{B) = L{a, b; B; v, Ai, A2) is the number of (s, t) £ 1? subject to the following 
conditions: 

1. gcd(s,t) = 1; 

2. \s,t) e ^(2''AiA2B/max{a,6}); 

3. sjt {c? - 62)/(2a) and s(s - at) ^ 0; 

4. Ai I s and A2 | s — at\ 

5. (s/Ai, (a2 - 62)/^^^ ^ 1 _ („2 ^ 52)/^^)^ ^ 1. aj^d 

6. the 2-adic orders of s, f arc determined by v via (5.3). 

Here we recall the convention that the symbol ^ ^ implies a restriction to odd pa- 
rameters in the summation and we note that (2) and (3) are together equivalent to 
(s,t) e ^'(2^AiA2S/max{a,6}) in the notation of (5.7). 



6. Removing the coprimality conditions 

The way forward should now be clear. For given values of a, 6, and appropriate 

values of v,\\ and A2, we must attempt to produce an asymptotic formula for the 
number of primitive lattice points in a complicated region in ^ . We will do so using 
exponential sums. The first step, however, is to remove the coprimality conditions 
that go into the definition of L{B). Let k = (fci,A;2) and A = (Ai,A2) such that 
gcd(fci/e2AiA2, a5) = 1. Define the set 

A(k, A,^) := {(s,t) e : [fciAi, £] | s, /c2A2 | s - at and ^ | i}. (6.1) 

Then A(k, A, i) C is an integer sublattice of rank 2, whose determinant is given by 
the following result. 



Lemma 12. — We have 



detA(k,A,^) = 



gcd(fciA:2AiA2,J 



Proof. — Writing s = is' and t = It' it follows that dct A = det A', where A' is the 
set of {s' ,t') e 1? such that A'^ | s' and A2 | s' — t'a, with A- equal to kiXi/ gcd{kiXi,£). 
The proof of the lemma then follows on noting that gcd(A'iA2,a) = 1, since a and b 
are coprime. □ 
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We proceed to remove the coprimality conditions that appear in (5). Thus an 
apphcation of Mobius inversion yields 

L{B)= KkiMk2)Lk,,kAB), (6.2) 

fcl|(o2-62)/Ai fe2|(a2+62)/A2 

where now Lk^^].^[B) is the number of {s,t) € A(k, A, 1) such that (l)-(3) and (6) 
hold in the definition of L{B). 

We now consider the regions (5.6) and (5.7) in more detail. Define 

■■= {(s, i) e K X E>o : < p„(s, t), g„(s, t) < 1, r„(s, t) > 0} (6.3) 

and 

:= {{s,t) e ^„ : s{s - t/^/\l^\) ^ 0, s/t ^ (1 - u^) / {2,/\l^\)} , (6.4) 
for any positive u^l. We observe that {s,t) £ ^'{X) if and only if 

Wc then have the following result. 

Lemma 13. — Let X > Q and he positive. Then we have 

vol(^'(X)) = voW)) = 

Furthermore, we have 

^{X) C [-c\/X, c\/X] X (0, c^/X/\a^^ -b'^\], C [-c, c] x (0, c], 
for an absolute constant c > 0. 

Proof. — The first part of the lemma is self-evident, and so it remains to establish the 
bounds on ,'M(X) and JP^u in the second part. For this it will clearly suffice to show that 
s <C 1 and < < ^ 1 for any {s,t) G =5^„. Suppose first that > 1. Then it follows 
from the inequality (7„(s, i) < 1 tha,t 23"^ +t^ ^ 1, whence s, t <C lin this case. Ifu^ < l 
then we have < 2s'^ - t'^ I and < -2s'^ -t^ + 4st/\/l - 1. In particular it 

follows that Q<t< V2s. Let r; > 0. If f < Sy/2^ then 1 ^ 2s^ - t^ > r] . Thus 
s < and t < \f2jr] in this case. Alternatively, if SsJ2 — rj ^ t < V2s, then we 

deduce that 

>4s\-l + ^/2-r}), 

since — > 1. Taking 77 = 1/2 it therefore follows that s,t in every case, 

which completes the proof of the lemma. □ 

Recall the definition (4.4) of the set j^i. For any (a, 6) € ^1 it follows from (5.3) 
that we are only interested in values of 

^ max{l, 1^2(0^ — b^)} ^ Z2 = log log B. 
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Returning to our expression (6.2) for L(i3), we may now show that there is a neghgible 
contribution from large values of ki,k2- Let 

K:={logBf°. (6.5) 

Then we have the following result. 
Lemma 14- — We have 

Y.' Y' L,,MB)«B, 

where the summations are subject to max{A;i,fc2} > K. 

Proof. — Lemma 12 reveals that A(k, A, 1) is an integer lattice of rank 2 and deter- 
minant AiA2A;iA;2. Hence it follows from Lemmas 1 and 13 that 

, , volilg(X) T'B 

Lk,M{B)^l+ , ,1' «1 + 



AiA2A;ifc2 i/|a2 - lp\ max{a, b}kik2 ' 

with 

maxja, o| 

We must now estimate the overall contribution from each of the two terms. 
The contribution from the first term is bounded by 

Y Y Y' Y' l«loglogBi:r3(|a^-6^|) 

B{\ogBf\og\ogB 

using Lemma 4. Since we are interested in values of A"iA"2 ^ max{/ci, ^2} > K, we see 
that the contribution from the second term is bounded by 

^ BlogB ^ M\a^^b^\) ^ ^ 

K ^^^^35^max{a,&} 

by the proof of (4.2). This completes the proof of the lemma. □ 

In view of this result we may now proceed under the assumption that fci , fc2 ^ K 
in (6.2). We will also run into trouble when estimating the contribution from various 

error terms when the 2-adic order of s in Lkj^^f;^{B) is allowed to be very large. 
Let Lk^.k2{B) be defined as for Lki,k2{B) but with the additional restriction that 
1^2(5) ^ 2^2. We easily adapt the proof of the preceding result to show that Lfc^^fcj (-S) 
may be replaced by Lki,k2{B) in (6.2), with an acceptable error. 

We now apply Mobius inversion in (6.2), which thereby allows us to work with the 
equality 

HB)= Y' Y' E'M^iH^2)M^)ife„fe/(S). (6.7) 

fci|(o=-6^)/Ai fe2|(a^+6^)/A2 ^eN 
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Here K is given by (6.5) and Lki.k2,e{B) denotes the number of (s, t) G A(k, A, £) such 
that (2), (3) and (6) hold in the definition of L{B), with 2 \ gcd(s, t) and ;^2(s) < 2^2. 
Note that it will facilitate our ensuing investigation to restrict the summation to odd 
values of i here. _ 

When it comes to estimating Lk-i^^k2,e.{B) asymptotically as B ^ oo we will en- 
coimter problems when I is large. For given T > and y ^ 1, we now let L\. ^ ^(y, T) 
denote the number of 

(s,t) e A(k,A,^)n.#(2''AiA2r/max{a,fe}) 

for which gcd(s,i) > T, where ^^(X) is given by (5.8). Note that Lk^^k^^^^B) < 
-^li fca ^(^' -'^Z-^) above notation. We have the following key result. 

Lemma 15 — Suppose T > and A,Y ^ 1, with A < VB/Z^ and Y ^ B^. Then 
we have 

(a,6)eN^ ''iZ2 kiXi\a^-b'^ k2\2\a'^+b'^ ^SN 
gcd(a,6)=l,a67^1 ki^K k2^K 

V2{a'^-b^)iZ2 
max{a,b}^A 

where [T] denotes the integer part of T. 

Proof. The idea is to reintroduce a coprimality condition on the (s,t) that are to 
be counted. Since we are only interested in an upper bound we may drop any of the 
defining conditions in ^{Y\T) that we care to choose. In this way it is clear 

that 

Ll,k2,i^y;T) < E# e ^(k. A,^) n^t(ZW_^ _ ^^^^^^^^ ^ ^| 

Let 

:= /ciAi, Aj := fc2A2 (6.8) 

and 

A' A' 
^"^=gcd(AU)' ^^'"gcd(AU)- (^-^^ 
Note that the summand is zero unless t \ L. Making the change of variables (s, t) = 
L{s', t') with gcd(s', t') = 1, we conclude that the summand is bounded by the number 
of coprime vectors {s' ,t') G 1? such that 

A'/ I s', A'2' I s' - t'a, (6.10) 

with (s'J/) e .^t(2'^AiA2r/(L2max{a.fe})). 

Recall the definition (5.1) of Qi and Q2 and let A+ := gcd{Qi{s' ,t'),Q2{s' ,t')). 
Since gcd(s',t') = 1 it follows that 

A+ = gcd(4s'(s' - t'a), t''(a2 - b^) - 2s'') ^ gcd(s', - 6^) gcd(s' - t'a, + 6^). 
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In view of the fact that gcd(A",A2) = 1 and (6.10) holds, we obtain A+ ^ X1X2/M, 
with M := gcd(AiA2, -L). In particular M | — b^. It now follows that there exists 
an absolute constant c > such that 

m&x{a,b}Qi(s',t') MYlogB 

o< ^ 

for J = 1,2. Writing L = ML', we deduce that 

We note here that Y' ^ max{a, 6}. 

Let us write E{Y) for the term that is to be estimated in the statement of the 
lemma. We will employ the trivial estimate T(n) <^ Z^^^\ for any n ^ B'^. Hence in 
E{Y) there arc clearly at most t^Hcj'^ -h'^Drsia'^ + b'^)T{\a'^ -b"^]) < possible val- 

ues of fci, fca, Ai, A2 and M. Furthermore there are also at most t{L) -C zf"^^ possible 
values of £ such that £ \ L. On noting that the summation over v contributes 0{Zi), 
we conclude from the proof of Lemma 10 that 



a,b<A L'>T/M ^ 

gcd(a,fe) — 1 
ab^l 

V max V M,,b{Y'), 

a,h<A L'>T/M 
gcd(o,6)=l 



gcd(s',t') = 1, 
(6.11) holds 



(6.12) 



where Ma,b{Y') is given by (3.3). Here we have used s'{s' — t'a) ^ appearing in 
.^^(X) to ensure xy 1 in Ma,b{Y'). Moreover it is useful to note that Ma,b(y') ^ 1 
for Y' ^ max{a, 6}. Let us write Ei{Y), respectively E2{Y), for the overall contri- 
bution to the right hand side from a, b, L' such that max{a, b} ^ VY', respectively 
max{a, b} > y/Y'. To begin with it follows from Lemma 8 that 

E,{Y) « Z^'^'Uax J2 Y'{\ogBr«^^. 

L'>T/M 

It remains to estimate E2{Y). We return to (6.12), now with y/V' < max{a, b} < A 
and a6 7^ 1 in the summation over a,b. We will write E2.i(Y) for the contribution 
to the right hand side from values of L' < T, and E2,2{Y) for the contribution from 
values of L' > T. Beginning with the former, we note that E2,i{Y) = if T < 1. If 
on the other hand T > 1 then an application of (4.1) gives 

E2,iiY) <^ Zf^^^ max V V ( 1 + ^—nrTT, tttt^ 

^ ^ M r^A max{a,6}5/3a-6i/3^ 



T/M<L'^T a,b<A 
VyOil) 
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This is satisfactory for the lemma. 

Finally we must deal with E2,2{Y). For this we will reverse the roles of the variables 
a, b and x, y in Mo^(,(F'). We have 



L'>T 



gcd(a,6) = gcd{x,y) = 1, 
ab,xy ^ 1, 
a,b,x,y,z: \/Y' < max{a,b} < A, 

max{a, b} max{x, y} ^ K' 



y^O(l) 



On writing F" := cy(logB)/L'^ it now follows from Lemma 8 that 
E2,2{Y) « Zf m^x Y: E ^^.-(^") « E ^ « 

gcd(a;,j/) = l 

This is satisfactory and therefore completes the proof of the lemma. □ 

We would now like to eliminate the contribution to (6.7) from large £. Taking Y = 
B,A = Z^^sfB and T = Z^^^° in Lemma 15 we deduce that the overall contribution 
from i > ^° is 



o(i) 



This estimate exhibits a feature common to much of what follows. The notation Z^^^^ 
means that we allow an arbitrary, but absolutely bounded, power of Zi in the error 
term. The term Z^^^" should be thought of as a parameter since we are free to take c 
large enough to nullify the effect of thc^ numerator. Drawing this observation together 
with (5.9), our argument so far has established the following result. 

Lemma 16. — We have 



MB) = 2 E E E' E' 

ki^K k2^K 



X E' Kh)Kk2)mLkM{B)+0( ^^"^ 1^ ), 



where si\ is given by (4.4) and K by (6.5). 



7. Lattice point counting 

Our task in this section is to set the scene for an asymptotic formula for the quantity 
Lki,k2,e{B). Let A = A(k, A,^) C be the lattice defined in (6.1). On writing 



(7.1) 

Vmax{a, b}J' 
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where ^'{X) is defined by (5.7), it follows from the previous section that 

ifci,fe.,KB) = #{(s,t)eAn^;: (5.3) holds, 2tgcd(.s,t), i^^i-s) ^ 2Z2} . (7.2) 

We now come to a rather delicate feature of the proof. Ignoring the supplementary 
2-adic conditions in our new expression for Lki^k2,e{B), the obvious next step would be 
to try and approximate this cardinality with something like the volume of the region 
in question, divided by the determinant of A. Ignoring also the contribution from the 
error term in this approximation, one would then be led to sum this quantity over all 
of the remaining parameters. An absolutely crucial observation here is the following: 
for some ranges of the parameters Ai, A2 we will have Lk^^k2,£{^) = in Lemma 16, 
even if the approximation vol(^^)/ det A is non-zero. Thus a further reduction on the 
set of allowable parameters Ai, A2 is necessary. 

For any R> and (a, b) £ s^i, define the region 

{max{a,6}ti^i?t2, ^ 
tit2 < max{a, J 

We will show how the summation over Ai , A2 is necessarily restricted to this set for a 
suitable choice of R. 

It follows from the definition of ^1 that min{a, b, \a — b\} ^ max{a, &}/.^|. Taken 
together with Lemma 13, the fact that we are interested in integers (s, f) S A fl 
therefore implies that 



\/ X Z 

1 < |s| < cVx, l^t^ c , 1 < |s - at| ^ cVxZ2, 

maxja, o| 

with X given by (6.6). The middle inequality here implies that 

max{a,6}-'' sC c2''SZ^Ai A2, 

in which we recall our convention that c is used to denote a generic absolute positive 
constant. But we also know that Ai | s and A2 | s — at, so that we may take \s\ > Ai 
and |s — af| > A2 in the first and third inequality, giving 

max{a, 6}Ai < c2'^BX2, max{a, 6}A2 < c2''SZ|Ai. 

The final inequality that we seek to establish is 

A1A2 < cmax{a, b}2''BZl. (7.4) 

This is rather more subtle and arises from an inherent symmetry between Ai , A2 
and /Ui,/i2, where the latter are non-zero integers such that 

Xifxi =a^-b'^, X2H2 =a^ + b^- (7.5) 

In particular all of Ai, A2, /ii, /i2 arc coprimc to a and b. It follows from the divisibility 
information on s and s — at that there exist non-zero integers a, t such that s = Xia 
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and s — at = A2T. The height conditions for s,s — at imply that 



1 < CT < c ? — TT-:— = c 7 — ,^ , „ — 7:7: — < c 



maxja, 6}Ai maxja, 6}|a^ — 62|/i2 ^ max{a, 6}/U2 ' 
2 2''BZ|Ai 2^BZ||a2-62|^2 2''BZlii2 



1 < < c , = c , . ' . — , ^ c- 



'max{a, 6}A2 max{a, 6}(a2 + max{a, ' 

Furthermore, we have 

HilJ,2at = /zi/U2(Aicr — A2r) = ^2(0^ — b^)o- — /Ui(a^ + 6^)r. (7.6) 

In particular 

+ MiT = (mod a), (7-7) 

since a, 6 are coprime. Now we have ^2cr + f^iT = if and only if cr = fiix and 
T = —fi2X for some non-zero integer x. Using (7.6) we easily deduce that 



t 2a 

which contradicts the hypotheses in the definition of (5.7). Hence ij.2(t + ji^T ^ 
in (7.7), giving the further inequality 



max{a,6} ^ 2yBZ]\n^ 

y maxja, 0} 

whence 

max{a,6p „ _ d l^"^ " '''^1 ^ „o^Dmax{a,6}4 



^2 A1A2 Ai 



A2 



This therefore implies (7.4). 

Bringing otu' argTimcnt together we have therefore shown that the summation over 
Ai,A2 in Lemma 16 is subject to (Ai, A2) € Va,b{c'^'^ BZ2). In fact, in view of the 
bounds k\,k2 ^ K, it is trivial to sec that 

(fciAi,fc2A2) e VaAcBK^)- 

Here, using the definitions of K and Z2, we have been able to replace 2''Z2 by an 
additional factor of K. The following result refines this somewhat. 

Lemma 17. — We have 
N,{B) = 2 E Xk.x.MxAB/K) 



X t^ik,Mk2)nmkMiB)+0[^^^), 



where is given by (4.4), K by (6.5) and Xti^i^) characteristic function of 

the region (7.3). 
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Proof. — We have already shown that the lemma is true with Xki\i,k2X2i'^B^^) 
place of XfeiAi,fc2A2(-S/A'). To establish the lemma it suffices to estimate the overall 
contribution to the main term from values of ki,k2, Ai, A2 for which 

(fciAi, fc2A2) e Va,b{cBK^) \ Va,b{B/K), 

in the notation of (7.3). This forces Ai,A2 to satisfy one of four further inequalities. 
Let us show how to handle the contribution corresponding to Ai , A2 satisfying 

BfciAi cBK^kiXi 

< A2 ^ p — -J, [i.o) 



k2K max{a, b} ^ k2 max{a, b} ' 

the remaining cases being handled in an identical manner. 

Let Li{B) denote the contribution to Lk^.k^.iiB) arising from (s,t) G 1? for which 
gcd(s,t) ^ Lemma 15 implies that the overall contribution to Lemma 17 from 

the remaining quantity is 0(i3Z'[''^^^/Z[^^*'), which is satisfactory. To estimate Li{B), 

we write {s,t) = L{s',t') with gcd{s',t') = 1 and L ^ an odd integer divisible 

by £. The summation over 1/ allows us to assume that 2'^ | 4s'. Let us write A^,A" as 
in (6.8) and (6.9). We conclude from Lemmas 1 and 13 that 



where now A' C is the lattice of (s', t') G for which 

A'/ I s', A'2' I s' - at', 2" I 4s'. 
Lemma 12 therefore leads us to an overall contribution of 



EV^ V^b y^b gCCl(^/Cifc2AlA2,i^Ji^Z2 \ 
2^2^ 2^ + L2^ifc2max{a,6}2 )' 



Here the summation over ki, Xi is subject to the restriction that they should be odd, 
with kiXi I + (-l)'6^ kt ^ K and (7.8) holding. 

For fixed n, b and L there are at most TsQa^ - b^\)T{L)Z2 = 0{z"^^^) values 
of v^kj , Xj,i. Hence the overall contribution from the first term in the above summand 
is 0{BZ[^''^^ /Z^), which is satisfactory. The remaining contribution is clearly 

«B(iogiogB)^ E Efr^^^^^' 

on carrying out the summation over z/. We now break the summation over L into L ^ 
K and K < L ^ Z'^^^\ with K given by (6.5). We see that the overall contribution 
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from L > K is 

^ , ri, A;ifc2max{a,6}2 

{a,b)esi^i ki,Xi ' 

g(logg)(loglogg)^ ^ r(|a4-b4|)r3(|a^-6^|) 
iiT ^ max{a, 6}2 

which is satisfactory. Turning to L < ii', we take gcd(fcifc2AiA2, L) ^ L and so obtain 
the overall contribution 

«iJ(.„g.„gB). X S' fab^t,,^. (") 

We will find it convenient to proceed under the additional hypothesis 

A1A2 < \/2max{a,6}^. (7.10) 

Underlying this assumption is the symmetry that exists between A^ and /i^ such 
that (7.5) holds. Thus if (7.10) fails then it is immediately clear from the defini- 
tion (4.4) of M that 



|/j,i|/i2 < \/2max{a, 6} 



2 



Furthermore, (7.8) translates into 



max{a, 6}(a^ + 6^)fc2|Mi| max{a, 6}(o^ + 6^)fc2if 



< < 



which also shares the same structure. This discussion shows that we may proceed 
under the assumption that (7.10) holds in what follows. 

We now break the summation over a, b into dyadic intervals, in order to fix attention 
on the range A < max{a, 6} < 2A for A < sfBjZ^. Interchanging the order of 
summation (7.9) becomes 

«B(iogiog5)^EiE;iMA), 

where 

NlyA) := #{(a,6) G M : A ^ max{a, 6} < 2A, | + (-1)'6^} . 

Furthermore, the summation over fcj,Aj e N is over odd integers subject to ki ^ K 
and 

B\y BkiXi ^ ^ ^ cBK^kiXi ^ cBK^Xi . 
2AIO ^ 2k^ < ^ k^A ^ (^-"^ 
Let Qiiq) be the mmiber of square roots of (—1)*^^ modulo q. For given gi,g2 
the conditions qi \ a'^ — 6^ and \ + b"^ force the vector (o, b) to lie on one of at 
most gi{qi)Q2{q2) integer sublattices of Z^, each of determinant qiq2- Now it is easy 
to see that gi{qi) < 2"(9i) and 

^2(92) < XI l'"(e)lx(e) < r{q2), 

e\q2 
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where % is the real non-principal character modulo 4 and r denotes the sums of two 
squares function. It follows that g2{rq) ^ 2"(''V((7) for any r, g e N. Since a, b lie in a 
region in of volume 0{A^), an application of Lemma 1 furnishes the contribution 



« B(loglogS)^(logi^r 5] -1 2-(^0^(A2)(^ + l), 

A Ai,A2 

on summing over ki,k2 ^ K . Here the inner summation is over Ai, A2 such that 

< A2 ^ T— ^, A1A2 < ^^ 



as follows from (7.10) and (7.11). Thus we easily obtain the overall contribution 
« B(loglogS)« J2 ' , , « B(loglogi3)« log(2cK«) 

< B(logB)3(loglogB)^ 

on summing first over A2, then over Ai and finally over the O(logB) choices for A. 
This completes the proof of the lemma. □ 

Let a^h,v,ki,\i,i be an arbitrary choice of parameters that appear in the main 
term in Lemma 17's estimate for Ni{B). We now come to our estimation of (7.2), 
where A = A(k, XJ.) C I? is the lattice defined in (6.1) and C is given by (7.1). 
Given that is clearly defined with piecewise continuous boundary, we would like 
to apply the well-known formula (1.8). However, there are two complications that 
prevent a routine application of this estimate. Firstly, we will need to take care of 
the 2-adic conditions apparent in (7.2). Secondly we need to deal with the fact that 
once summed over the remaining parameters, the error term in the above asymptotic 
formula for #(A n does not make a satisfactory overall contribution from the 
point of view of the main theorem. 

In spite of these objections wc will dedicate the remainder of this section to in- 
terpreting the main term in (1.8) in the present context, delaying our discussion of 
the error term until the subsequent section. Let us consider the first issue men- 
tioned above, namely the 2-adic conditions on s, t. We retain the shorthand notation 
A = A(k, A,£) and make the observation that vol(,^^) = 2''vol(^o)> any > 0. 
Furthermore, we will set 

A„:={(s,i)eA:2Ms, 2^ I i}, 

for i,j ^ 0. Since the parameters in A are all odd it easily follows from Lemma 12 
that dot Aij = 2*+-' det A. It is here that our earlier restriction to odd values of i pays 
dividends. Finally, it will be convenient to define 

(7.12) 

[0, if2|fc, ^ ^ 
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for any k G N. 

We will separate our investigation according to the value of v. We suppress the 
dependence on ki,k2,£ in the expression for Lki,k2.e{B) in (7.2), replacing it by L^{B) 
in order to underline the dependence on v. We have 3 basic possibilities to consider: 
either v = or u = 1 or i/ ^ 3. Note that (5.3) ensures that the possibility v = 2 
does not arise. 

Let us begin by supposing that v — 0, which according to (5.3) is only possible 
when 2 | ab and 2 1 1, so that iTab = 1- Recall the notation introduced above for Aij. 
It follows that 

L%B)= #{(s,i)eAn^^:2-||s,2tt} 

= E EE/^(2^H2-')#(A,+,,,n^^). 

In line with (1.8) we expect the cardinality in the summand to satisfy an asymptotic 
formula with main term 

yol{M'o) _ vol(i^^) 



det A^+ij 2<^+'+J det A 
We may now conclude as follows. 

Lemma 18. — We have 

L (B)_^„,^---^j^_^+£; (B), 

where 

E\B):=nab E E m(20m(2^')(#(A.+,,,- n^^) - 

We have found it useful to include -Kab in the main term for this estimate, to help 
keep track of the fact that we are only interested in the value of L^{B) when 2 | ab. 
When V = lit follows from (5.3) that 2 | i if 2 | a6 and 2 | s if 2 | a6. Hence (7.2) 
yields 

L\B) = 7ra6# {(s, t)€An^[:2\s, 2\t}+ 7r„6+i# {(s, t) e A n : 2 f s} . 
Arguing as above, we now have 

L\B) = nab E M(2')#(Ai,i n ^[) + TTab+i J2 M(2')#(Ai,o n ^[). 

Drawing out the obvious main term, as previously, we therefore conclude the proof of 
the following result. 

Lemma 19. — We have 
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where 

4(B) := 7r,,+i 5]m(2^)(#(A«,o - 

Assume now that ^ 3, under which assumption (5.3) imphcs that 2 \ ab and 2 | s, 
with = min{2 + 1^2(5), 1^2(0^ — 6^)}. In particular, if i^2(s) ^ 2^2(0^ — 6^) — 2 then 
it follows that ^2(5) = v — 2. This is then automatically bounded above by 2Z2. 

Otherwise wc must have 1^2(5) ^ ^2(0^ — b"^) — 1 and V2{a^ — b"^) = v. Moreover, wc 
must force 2 | Hn our considerations. We deduce from (7.2) that L^{B) is the sum of 

Ti :=7r„b+i ^ m(2^)m(2^)#(A._2+.,,- n^:,) 

and 

T2 := TTab+i Yl E /^(20M(2^)#(A.+i,,- n ^;). 

Note the first term is always present, since v < max{ 1,^2(0^ — b^)}, but the latter 
term only appears if v = V2{a? — 6^). The following result is now available. 

Lemma 20. — Let v ^ 3. Then we have 

if u < U2{a'^ — b^) and 

L^B) = (2 - ^j^) + K{B) + E^.iB), 

if V = V2{a'^ — b"^)) where 

E^iB) := 7r„6+i ^ m(2*)m(2^) (#(A.-2+i,,- n ^^) - jf^'-"^ ), 
ij5o detAi._2+i,j/ 



vol(,^;) ' 



E-0{B) := 7r„,+i ^ ^ fi{2%{2^) {*{^.+^,, n ^;) 



8. The error terms 

It is now time to establish that the error terms in Lemmas 18, 19 and 20 make 
a satisfactory overall contribution once summed up over the relevant parameters ap- 
pearing in Lemma 17. In order not to be encumbered with superfluous notation let 
us fix our attention on the error term 

J.(B):=#(An«'(X))-I5m, 

where X is given by (6.6). The outcome of our investigation will be a proof of the 
following result. 
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Lemma 21. — Let 

<s{B):= E E E' x'^^A„feA.(5/i^)ii^(s)i, 

(a,6)eM " /ciAi|a^-b2fc2A2|a2+b^^^z<=/i'' 

where K is given by (6.5) and the v summation is over v ^ max{l, 1/2(0^ — b^)}- 
Then we have 

^O(l) 

S{B) < B^-r- + B (log B)3 (log log 5)2. 

There is a degree of over simplification here. Indeed, for ^ we are actnally 
interested in controlling the overall contribution from the error terms E^[B), E^{B) 
and Ep{B) that appear in Lemmas 18-20. However, one readily checks that the 
argument goes through for each of these. The crucial fact is that the summation over 
i,j, a in the true error terms is over and a ^ 2Z2. Hence at the expense of a 

harmless extra factor of log log B in Lemma 21 one finds that the overall contribution 
from is satisfactory. 

The proof of Lemma 21 is long and technical. We begin with some general facts 
about approximating the characteristic function of suitable bounded regions cM? 
by smooth Gaussian weights. For any x e let 

B(x,r) := {yeR^ ||y - x|| < r} 

denote the ball centered on x with radius r, where ||z|| = ^/zf + z^ denotes the 
Euclidean norm of a vector z € . Let iJ ^ 1 be a parameter at our disposal. Define 




and notice that S- Q Q S^. We introduce the infinitely differentiable weight 
functions 

«;±(x) := — / exp(-||y - xfi/^) dy 

Js± 

and set 

/OO 1*00 
I w±{u,v)e{—ux~vy)dudv, (8.1) 
-00 J — CO 

for the corresponding Fourier transform. We collect together some basic properties 
of these functions in the following result. 

Lemma 22. — Let N be an arbitrary integer and let H 1 . Let c be a 
region enclosed by a piecewise differentiable boundary, which is contained in [— c, c]^ 
for some c > 0. Then the following hold: 

1. For any x € we have ^ w±(x) ^ 1. 

2. There exists a function : — > M such that for any x G we have 

«;_(x) + S5_(x) < l^(x) ^w;+(x)(l + 0;v(i?"'^)), 
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where 1^ is the characteristic function of the set 5^ and 



w- (x) < 



e-" 



l + |x|2' 

3. We have 



jf^ t«±(x)dx = vol(S±) = vol(^) + 



4. W^e /lawe W±(x,y) «;jv H'^^ ma,x{\x\,\y\}-^ . 
The implied constants in these estimates depends implicitly on c. 

Proof. — To begin with we record the trivial inequahties 

< w± (x) < — / exp(- ||y - xfH^) dy = 1, 

for any x e M^, which estabUshes part (1). 

Turning to part (2) we observe that for x e ^ we have 

«;+(x)>— / exp(-||y-xfi?2)dy 

= - / exp(-||y||^)dy 

TT 7yG[_^/7^,yi^]2 

> l + 0(exp(-i?)). 
Since w'+(x) ^ when x =y it easily follows that 

l^(x) < w+(x)(l + Ojv(if-'^)), 
for any N ^ 0. Next, if x S ^ then «;_(x) ^ 1, whereas if x ^ ^ then 

ti;_(x)^— / exp(-||y-xfij2)dy = 0(exp(-i?)). 

7^ iyeM2\B(x,^) 

Noting that |ly - x|p > ^Hxp if ||y|| <; i|lx|l, we see that ||y|| < 2c < i||x|| if 
||x|| > 4c and y G S'±, since ,y C [— c, c]^. It follows that 

,,^H^ ( ||xfij2s /• . ||xfi?2s exp(-ir) 

if ||x|| ^ 4c. This therefore suffices to complete the proof of part (2). 

Turning to part (3), wc note that the estimate for voI(5'±) is a conscqTicncc of 
the piecewise differentiability of the boundary of y . Finally part (4) follows from 
repeated integration by parts. □ 

On recalling the definition of the set from (6.4), we may clearly write 

#(An^'(X)) = #{{s,t) e A : {s/s/x, - b^\t/^^X) e ^1,,}. 

We will use the Poisson summation formula to examine this quantity. First we deduce 
from Lemma 13 that ^S^^J satisfies the hypotheses in Lemma 22. We deduce that 

s_ + E_ <#(An^'(x)) ^s+(i + Ojv(ir-'^)), 
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where 

(s,t)6A (s,t)eA ^ ^ 

We will begin by examining the contribution from the sums S±. 
Let us recall from (6.1) that 

A = {(s, t) € : [A'l, £] I s, A'2 I s - a< and £ \ t}, 

for odd positive integers \^,£ such that | + (— and A^ = kiXi. In particular 
gcd(A'^,A2) = gcd(A^,a6) = 1. We will find it convenient to set di := gcd(^, A-) and 
A" := X'i/di, for i = 1,2. For any {s,t) € A we may therefore make the change of 
variables 

s = iX'{a, s-at = eX'^T, 

Recalling that ^ | we see that under this change of variables we have 

A'/ct = AjT mod a, (8.3) 

and there is clearly a bijection between elements of A and solutions to this congruence. 
We therefore have 



S = V «; ^\a^-b^\{n'{a-eX'^T) ^ 
(<7,T)ez= 

(8.3) holds 



(<7,T)ez^ 



VX ' aVx 



say. Breaking the sum into residue classes modulo a, an application of the Poisson 
summation formula yields 



„ X- ^ fiX'l'J ^/\a^-b^\{iX'{a-eX'^T) ^ 



(a,/3) mod a (cr,r)GZ^ 
\'lci=X'^P mod a a=a mod a 
T=B mod a 



a2^2A'/A'' 

(a,/3) mod a (m,n)£ 
X'^a=X2 P mod a 



where 



T=^. (8.4) 
and for 5 > we have temporarily set 

/ w±{u, — 5'^\{u — v))e{—ux — vy) dudv. 

-00 — 00 

It is easy to see that W±^s {x,y) = W± {x + y,y/ y^|l — 5'^\) / ^yjl^^S^ in the notation 
of (8.1). We may therefore write 

„ Z yr-^ yr-^ / am + Bn\ /m/AV + n/Ao an \ 

(q;,/3) mod a (m,n)G^ ^ ' ' 

A^'a=A2 /9 mod a 
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where 

^2A'/A'2V|a^ - detA^la^ -6^1' 

by Lemma 12. 

It follows that E± = ^± + <ff±, where ^± = ZVF±(0,0) and <3± is the overall 
contribution from non-zero vectors in the summation over (m,n). Now it is clear 
from Lemmas 13 and 22 that 

- zl ..<x)a. = .™„.;vj . o(-l) = «)) , o(-l). 

Recalling the definition (6.6) of X and the expression for det A in Lemma 12, we see 
that the error term here contributes 

^ B y-^ y-^ y-^ b b y^ b gc(l(L /,:iA2Ai A2)2" 



B(logJ?)Moglogi3 T(|a4-&4|) 



B(logB)'^loglogE 

by the proof of (4.3), once summed over all of the remaining parameters. This is 

satisfactory for Lemma 21 if ^ (logi?)^, which we now assume. 
Let us turn to the estimation of S'± , observing that 



(a,/3) mod a 
Xi a=X2 P mod a 

We may therefore write 



fam + Pn^ J a, if nA'/ + mAj = mod o, 
I 0, otherwise. 



-m/A" + ii/X'2 



s± = z y w±{ , , , , 

(m,n)eZ^\{0} ^1 \ 2 

nA'/+mA2 =0 mod a 

where T is given by (8.4). We begin by considering the overall contribution from 
terms with m = in this summation. Recalling that |a — &| ^ max{a, b} for any 
a, b under consideration, we deduce from an application of part (4) of Lemma 22 with 
N = 1 that this part of the sum is 

'2an' 2a'^n' \ H^X'4ZT log B 
^ <C — 



'ez\{0} 

^gcd(£AAi). /a7 H^VB{\ogBy+' 
I V Ai fci max{a, 6}^/^ 
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Recalling the statement of Lemma 17 it follows from the definition of (7.3) that 

fcsAs B 



fciAi Kmax{a,b} 
Hence the above sum is 

gcd(£,A;iAi) H^B{\ogB)^+^ 



V^ife max{a, &}^v K 
Once inserted into Lemma 17, this makes the overall contribution 

VK . , , \/fcIfc^max{a,6}2 



« — bw-^ E 



since X)^<j;, gcd(^, a)£~^ <C T(a) log L for any non-zero integer a. Combining Lemma 4 
with a dyadic summation gives the contribution 

which in view of (6.5) is satisfactory for Lemma 21 if if ^ (log 5)^''/^. Similarly, the 
overall contribution from terms with n = is seen to be satisfactory. In view of our 
earlier constraints on H we are led to take the value 

H ={\og Bf 

in our construction of the weight functions w± . 

Next we consider the contribution from terms with + nA" = 0. The general 
solution of this equation is (m, n) = k{—X'(, A2) for non-zero integer k. We therefore 
use part (4) of Lemma 22 to derive the contribution 

^ gcd(£,/ciAifc2A2) 1 H^VBlogB 



^ \/AiA2 /ciA;2 max{a, 

from this part of the sum. It follows from (7.3) that 



1 B 



fciAifc2A2 K max{a,b}^' 
Hence the above sum is 

gcd(£,fciAifc2A2) H^BXogB 



^ \/kik2 max{a, b}^VK^ 

which leads to a satisfactory contribution to Lemma 17 as argued for the case m = 0. 
Similarly, one deduces that there is a satisfactory overall contribution to the sum from 
vectors (m, n) for which (a^ — b'^)m/X'{ = (a^ + 6^)n/A2. 
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In what follows we may therefore approximate S± by the corresponding sum <fj_, 
say, in which 

mn ^ 0, mA'2' + nX'l + 0, ^ —L- ^ \ , 

with a satisfactory error. Now it is clear that nA" + 771X2 = mod a if and only if 
n£X'{ + A2 = a£t' for some integer t' . Let us write s = £X'{7i and t = it' . Then we 
have 

st(s-at)5^0 
s/t7^(a^-6^)/(2a) 

We may freely assume that \s\,\t\ ^ 5"^/^ in this summation. 

Recall the definition of the quadratic forms Qj{s,t) from (5.1) for 1 ^ j ^ 3. 
Arguing similarly to above it is now possible to show that there is a negligible contri- 
bution from {s,t) for which one of these forms vanishes. To illustrate the argument 
let us consider the overall contribution from {s,t) for which Q2is,t) = 0. But then 
there exists an integer c for which a? — = 2c^ and s/t = ±2c. Thus we have 
(s, t) = fc(±2c, 1) for non-zero integer k and the contribution to <fy_ is 

H'^£X'{X'4ZT 1 

< — > 7. 

a ^ k 

/sez\{o} 

eX'^\2kc, e\f\k(±2c-a) 

One notes that gcd(A2 , ±2c — a) < 3 since A2 | 0^ + 6^ and ±2c — a divides — Ac? = 
26-2 — a^. Hence this is 

H^X'jZTlogB ^ gcd(f,fciAi) /fclAT H^VB{\ogB)^+' 



k2X2 max{a, 
gcd(f,fciAi) H^B{\ogBY+' 
£ ' mB3^{a,bYs/K' 



by (7.3). This makes a satisfactory overall contribution as previously. We may there- 
fore approximate S!^ by 

st(s-at)7^0, Qj(s,t)^0 
s/M(a^-b^)/(2a) 

with satisfactory error, where S![ ^ is the contribution from s, t such that 

^J\a?-h^\\t\ > \s\ 

and f?" 2 is the corresponding contribution from the opposite inequality. We will deal 
here with the sum the remaining sum being handled along similar lines. Taking 
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N = 2 in part (4) of Lemma 22 we observe that 

st{s-at)^0, Qj{s,t)^0 
s/ M(a^-b ^)/(2a) 
^/\a^\t\>\s\ 

Let R,A,Li,L2 > 0. Wo will estimate the overall contribution from S'j^ once 
inserted into Lemma 17, with 

A < max{a, 6} < 2A, Li ^ Xi < 2Li, L2 ^ M < 2L2, R < \t\ ^ 2R. 

We call this contribution E = E±{R, A, Li,L2), say, and we may clearly assume that 

i?,A,Li,L2 > 1, A^y/B/Zf, Li^2A'^, 

for i = 1,2. We will show that 

E « (8.6) 

Once summed over the 0((log_B)'') dyadic ranges for R, A, Li, L2, this will clearly 
suffice to complete our treatment of the error term in Lemma 21 since H = (logB)^. 
Recall from (4.4) that min{a, 6, |o — 6|} > max{a, b}/Z2, so that 

—2 < min{a, 6, |a — 6|} < 2A. 

Furthermore we have ki,k2 ^ K. Thus we see that the contribution to our estimate 
for S'j^ i from t, A, and a restricted to lie in the above dyadic intervals is 



*^ 



{s,t) e A 



Qj{s,t) 7^0 for 1 ^.7 3, 
st{s - at) ^ 0. 
s/ty^{a ^-b^)/{2 a), 
\s\ ^ 2^\a^-b^\R, \t\ ^ 2R J 



for some absolute constant c > 0, in the notation of (5.8). Recalling that £ < Zl^^^ 
it now follows that 

tt4t r 7c/5+0(l) 

(a,b)eN2 kiXi\a'^+i-iyb^ ien 

max{a,6}^2A 

To analyse this sum we note that #(A n ^^cA'^R^)) < Ll^^^^^ei^, 1/2), with 

A^R^ ^ A^R" 
L1L2 L1L2 



40 



R. DE LA BRETECHE & T.D. BROWNING 



One observes that Y 1, since Ai < \s\ <C AR and A2 < |s — at\ <C AR, whence 
L1L2 ^ A^R^ in order for the summand not to vanish. It is trivial to see that 
F -C -B^. It therefore follows from Lemma 15 that 

tt4t T yc/5+0(l) 00-470(1) 

which thereby establishes (8.6). 

Our final task is to deal with the contribution from the sum S_ in (8.2). Focusing 
without loss of generality on the contribution from \/\a'^ — b'^\\t\ > \s\, we may apply 
the estimate for u;_ in Lemma 22 to deduce that 

- ^ |a2-62| ^ 

' ' (M)eA 

^\a^-b^m>\s\ 

Arguing as before we may readily restrict attention to s,t for which st{s — at) ^ 0, 
Qj{s,t) 7^ and s/t ^ (a^ — 6^)/(2a). But then we are led to an upper bound which 
matches the estimate for (o^ i presented in (8.5), but with different factors in front of 
the sum. Mimicking the ensuing argument based on dyadic intervals and recalling the 
definition X of (6.6), one finds that our analogue oi E = E- [R, A, L\, L2) is bounded 
by 

-H r,c/5+0{l) J- J- p 

This is satisfactory with our choice oi H — (logi?)®, which thereby completes the 
proof of Lemma 21. 



9. The main term 

We now draw together the various main terms that appear in Lemmas 18, 19 

and 20, and insert them into Lemma 17's estimate for Ni{B). Recall the defini- 
tion (7.12) of TTab- We may clearly bring the summation over v to the innermost sum, 
finding that 

^ L'^iB) = (7r„,(i - J^) + 1 - ^ + n,b+i{Ma' - h^) - 3) 

^ inax{ 1 , 1/2 (a^ — 6^ ) } 

2..2(a^-5^). . VOl(^^) 



7r,b+i(^2- 2[2Z2l+2 ))- 



detA 



where ].ig = h*T = h*l*l is given by (2.6) and (2.7), then 

5a,b ■= max{l, u^ia" - b^)} = g{2--^''"-^\ 
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Here we have equated L''{B) = Lki,k2j{B) with the main term in the various esti- 
mates from §7. Moreover, we have used the fact that 1^2(0^ — b"^) ^ Z2 in controlling 
the error term. We may therefore deduce from Lemma 13 that 

AiA2Bvol(^fc/,) 



'gB'J (detA) max{a, b}y/\a^-b^\' 



where =5^„ is given by (6.3) for any positive u ^ 1. 
Define 

vol(^„) + vol(^i/„) 



fiu) := ^ " ' . (9.1) 



for any u S (0, 1). Let XtiM^^) the characteristic function of the region (7.3) and 
let 

h{a,h;Y):= {l*h){n)xdM{y)^ (9-2) 

di=gcd(n,o+(-l)'b) 
d3=gcd(n,a^+6^) 

for any Y ^ 1. We are now ready to establish the following result. 
Lemma 23. — We have 

Nim> \- ma}h{a,b.B/K) , ^^ B(logB)' ^ 

where h{a, b; Y) is given by (9.2) and 

sii := |(a,6) e : a/Z| < 6 < a(l - 1/Z|), a < \/B, gcd(a,6) = l| . 

Proof. — In order to avoid repeating the same argument twice we will simply re- 
place Sa.b + 0(1/ log _B) by 5a,b in what follows, leaving it to the patience of the 
reader to verify that this is indeed permissible. Bringing together our expression for 
'Yj^L''{B) with Lemmas 12, 17 and 21, we deduce that Ni{B) can be replaced by 

2B Wa,b) Y' 



with an acceptable error, where K is given by (6.5), Xti,tA-^) characteristic 
function of (7.3), F{a,b) := vol(o5^(,/o)/(i^a'X{a, b}y^\a'^ — 6^1) and 

irr\ ,.xgcd(fclfc2AlA2rO 4 ^ ^/t(M;2AiA2)\ 

a{T) := X, m(^) = sa2)^U k,kM,) + f J' 



for any T > 1. Lemma 13 implies that vol(J^b/a) <C 1 and the definition (4.4) 
of .b/i yields ^/\a?~^W] > maxjo, 6}/Z2. Hence the overall contribution from the 
above error term is clearly satisfactory. Applying Lemma 4 one easily checks that the 
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overall contribution to Ni{B) from values of fci, such that max{fci, ^2} > is also 
satisfactory. 

We may now conclude that 



where 



hfnh-m—A M(fci) v-t ^(^2) ^, /-B\ 

Recall the definition of (p* from (1.10). For any arithmetic function /, we have 

E ' ^/(^^^^) = E ' /(-) E ^ = E ' w/ w- 

feiAilAT n\N ki\n n\N 



It therefore follows that 

ho{a,b,B)-5^,, E E ^t(;;^^~(;^J 



■ ^0,6 (1 * h){mms)x 



m3=(n,a^+6^)b 



mi={n,a+{ — iyh)\, 
m3 = (n,a^+b^)l, 

where h is given by (2.7). Recall the inequality 1^2(0^ — b^) ^ Z2 satisfied by 
any (a, 6) G ^1 . A little thought reveals that 

h{a,b;B/K) ^ ho{a,b;B) ^ h{a,b; B2^^+^ /K), 

in the notation of (9.2). 

Bringing everything together we have so far established the upper and lower bounds 

We proceed to enlarge the set of allowable a, b slightly, by handling separately the 
contribution from a, 6 such that 1^2(0^ — b'^) > Z2 or max{a, 6} > .^||a — b\. For the 
former, exactly the same sort of argument employed in Lemma 9 suffices to show that 
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we obtain an overall contribution 

Z2 ^ max{a,6}3/2|a-6|V2 loglogS ' 

a,b<^/Zl 

which is satisfactory. For the latter, the proof of (4.3) shows that there is a satisfactory 
contribution in this case too. Arguing in a similar manner it is also possible to restrict 
attention to a, b for which min{a, b} ^ max{a, &}(! — 1/^1) ^'^d to enlarge the set of 
allowable a, 6 to include the range Vb/ZI < max{a,6} < yfB. 

Finally, we break the summation over a, b into those for which a>h and those for 
which a <b, observing that 

, vol(J?^,/J+vol(^,/fc) 
F{a, b) + F(6, a) = ' ' j. 

This therefore allows us to restrict to a summation over the set which thereby 
completes the proof of the lemma. □ 

We now have everything in place to complete the proof of the theorem. In what 
follows let us write Y for either of the quantities B2^^~^^/K or B/K. Define 



h{aM Y) 



a<VB, gcd(a,6)=l 

for any 6*1, 6*3 > such that 6»i + 6*2 < 1. Observing that f{u) = /(O) + f'{t) dt, it 
now follows that 

(9.3) 

Hence Lemma 23 renders it sufficient to estimate Y^e^^e^^Y) asymptotically. This is 
achieved in the following result. 

Lemma 24- — We have 

^e.MY) - ^*^'',^lr'^'\ \ogBr + 0{{logBr^), 

where C* is given by (2.4), with (Li, L2, Q) = {x\ — X2-iX\ + X2, x\ + X2) and g given 
by (2.6). 

Proof. — Recall the definition (9.2) of h{a,b;Y) and define the region 



W :-- 



Wi+W2 + W4^1 + 2W3, 
4 _ 2W3+W4^1 + Wi+W2, 
3W4 ^1 + Wi+W2 + 2W3, 
Wl + ^02 + 2^3 < 1 + 



> . 
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This is contained in [0, 1]"^. On recalling the definition (7.3) of Va,b{R) for (a, 6) € 
one easily checks that 

h{a,b;Y)= Yl {l*h){n). 

di=gcd(n,a+(-l)'&) 
t/3— gcd(n,a^+6^) 

/logd]^ log d2 los i£g_2_\cW 

V log y ' log I 2 log y- ' log y- "^"^ 

It now follows from Lemma 5 that 

Ee„e,(F) = 2C*{1 -01- ^2) vol(Wo)(logB)^ + 0((logB)=^+^), 

where Wq is given by (2.5). Here we have applied the lemma with the region 

^ = {x e (0, if : 61x1 < a;2 < (1 - e2)xi}, 

which has volume (1— 01 — ^2) /2. We can calculate the volume of Wq using the software 
package polymake [15], the outcome being that vol(Wo) = 1/72. The statement of 
the lemma is now obvious. □ 

Recalling the definition of the function (9.1), it is a routine calculation to verify 
that 

fiu) « 1 + log(l - u), f{u) « (1 - u)-^ 

for u S (0, 1), using Lemma 13 and the definition (6.3) of S^u- In particular it follows 

that Jq'^'^"- \f'{t)\dt < logZa < logloglogB. Combining this with Lemma 24 
and (9.3) in Lemma 23, and inserting it into Lemma 6, we arrive at the final bound 

B{\ogBY^ 



where 



^ = 27CM (^(°^ ^V'- "^^'^"^ = ^ L ^^"^ 

Finally, wo note that 

/ /(w)dw= / / ds d^ dn + / / dsAtAu 

Jo Jo J^^ vl-v? Jo JjP^i/„Vl-W 

= / / —z^=^= dsdtdu+ I I — j^=^= ds dt du 
Jo J^u V 1 - ■"^ ^1 J-^u u\/v? — 1 



where 



'■= f f /fO<max{i.«}p„(s.t)s;i,~, —7===dsdtdu. (9.4) 

J J J-^ 0<max{l,M}q„(s,t)<l, ^ V |1 ~ " I 

I- t_i/.^n_ r..c<i.tWn J 



t,li>0, r„(s,f)>0 

This therefore completes the proof of the asymptotic formula 

I6CV00 , ^/-B(logB)4- 



i|y=..„o..)'.o(S), (.5) 



27C(2) ' ^ ^ ' VloglogS 

where C* is given by (2.4). 
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10. Peyre's constant 

The purpose of this section is to afErm that the constant in our asymptotic for- 
mula (9.5) for Nu,h{B) agrees with the Peyre's prediction [22], as required to com- 
plete the proof of the theorem. In general terms the constant cx,h should be a product 
of three constants a{X), I3{X),th{X). 

The constant a{X) is a rational number defined in terms of the cone of effective 
divisors of X. To calculate its value we will apply the calculations undertaken by 
Derenthal in the appendix to this paper. Let ei,e2 € {—1,-1-1} and let i = ^/^. 
Then a straightforward calculation reveals that the 16 lines on X are given by 

\ Xq = eiX'2 = £2Xi, ,^ , , \ Xl = £\X2 = £2Xa, 

Mi(ei,£2): < M2(ei,e2): < 

[a;i = eixs, yxo = eix^, 

] x^ = siixo = S2ixi, ] X3 = eiixi = e2ixi, 

M3{ei,S2): < . M4(ei,£2): < 

yxi = eiiX2, [xo = eiiX2- 

In particular all of the lines split over Q{i) and X contains precisely 8 lines that are 
defined over Q. Let us write $f = Gal(Q(i)/Q) ^ Z/2Z for the Galois group of the 
splitting field. As described in the book by Manin [20] , if A denotes the class of a hy- 
porplanc section, then the geometric Picard group Pic-^X is given by {A, Ei, . . . , Ec,}, 
where Ei,...,E^ are the classes of a set of 5 lines in X that are mutually skew. Iden- 
tifying divisors with their classes in Pic^X, it is easily checked that the lines 

Si=Mi(-l,l), £;2 = Mi(l,-l), =M2(-1,-1), 
Ei = Mi{-l,-l), £5 = M4(1,1), 

satisfy the desired property. Since £'2,-^3 are defined over Q and Ei,Er, are 
defined over Q(i), but are conjugate under the action of Sf, so it follows that 

Pic a: = (PicQ X)^ = {A, Er, E2, E3, Ei + E^}. 

This retrieves the information Pic X ^ ll' that was recorded in the introduction. It 
now follows from taking fc = Q in Table 1 in the appendix that 

a{X) = 1. (10.1) 

The constant P{X) is equal to the cardinality of if^(Q, PicQ A"), where PicQ A" is the 
geometric Picard group. In the present setting we have 

p{X) = 1, (10.2) 

since X is Q-birationally trivial. 

We now turn to the value of the constant th{X). For any place i> of Q let ojh,v be 
the usual w-adic density of points on the locally compact space X{Qy). The Tamagawa 
number associated to X and H is then given by 



MX) = lim ((. - l)^L(a,Pic^X)).,,. ^ j^^^^^ 



46 



R. DE LA BRETECHE & T.D. BROWNING 



In the present setting it follows from our calculation of PiCqX that 

L(s, PicQ^) = CQ{s)^CQ{i)is) = Cq(s)^L(s,x), 
where x is the real non-principal character modulo 4, whence 

MX) = |c.,,^ n (i - (i - ^)--- = n (i - ^)'--- 

Recall the definitions (2.6), (2.3) of g and ^p(j^i, 1^2, t'a), respectively. We will show 
that 

cJH,p = Kp(l - -y\l + -) E 9{p-''^-''^''')qU^i,i^2,i^3), (10.3) 

with 

'^-={4/3, ifp = 2. (^'-"^ 
Furthermore, we will demonstrate the equality 

Wij.oo = 16tToo, (10.5) 

where a 00 is given by (9.4). 

Subject to the proofs of (10.3) and (10.5), let us now verify that the constant 
in (9.5) coincides with that predicted by Peyre. Bringing together our expression 
for th{X) with (10.1) and (10.2), we find that 

cx,H = a{X)fi{X)TH{X) = 

in the notation of (2.4). This therefore confirms the constant in (9.5) is the same one 
that is predicted by Peyre. 

10.1. Calculation of ujh,oo- — In order to prove (10.5) we will adhere to the 
method outlined by Peyre [22]. Taking into account the fact that x and — x represent 
the same point in Pq, the archimedean density of points on X is equal to 

Wij,<x> = 7;[ wl(x) 

^ J{x£M5:$i(x)=*2(x)=0, ||x||^l} 

= «/ wl(x), 

^{xeMS,;,: *i(x)=a>2(x)=0, max{a;o,a:i,X2,X3}^l} 

where (x) is the Leray form, and we have used the same sort of symmetry arguments 
apparent in Lemma 6. It will be convenient to parametrise the points via the choice 
of variables a;o, a; 1, 0:2. Observe that 

( di'l r)'I'2 ' 
3X3 3x;i 
I = 4a;2a;4. 
dX4 dX4 
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We will take the Leray form a;L(x) = (4x2a;4)~^ dxo dxi dx2. Recall the defini- 
tion (5.5) of Pu,qu,ru- We will pass from xo,xi,X2 to {s,t,u), with t,u > 0, via 
the change of variables 

(a;o,a;i,a;2) = (p„(s, v1l^^^w2|f),ug„(s, v1T^^w^t),g«(s, vl^^^"^*))- 
The Jacobian of this transformation is calculated to be 

8qu{s, y^\l - w2|f)r„(s, - u'^\t) = 8x2X4, 

on noting that 

(1 - u^)pu{s, ^/\l^\tf + (1 + u^)qu{VW^\tf = 2ru{s, y^\l^\tf. 
A modest pause for thought now reveals that (10.5) holds, as claimed. 

10.2. Calculation of ujh.p- — It will case notation if we write Z/p'^ for Z/p'^Z 
throughout this section, for any prime power p'^. It remains to calculate the value 
of Wh,p = lim„_,.ooP~^"A/'(p"), for any prime p, where N{p'^) denotes the number of 
X G (Z/p")^ for which $i(x) = $2(x) = modp". The usual way of proceeding at 
this point would be to try and interpret p~^'^N{p") as an explicit function of 
This would then entail a parallel calculation of C* in (2.4), in order to check that the 
values match. Instead we will try and calculate N{p'^) by mimicking the steps taken 
in the proof of the theorem. Recall the definitions (1.2), (1.4) of $1 and $2- 

It is easy to check that wh,p = (l — l/p)~^a;^ p, where ^ = lim„_).ooP~^"A''*(p"), 
for any prime p, with 

A^*(p") := #{x e (Z/p")5 : p t X, $i(x) = $2(x) = (mod p")}. 

We will show that 

'^H,p = «p(l + -) E 5(p''^+''=+''^)4(^i'^2,^^3), (10.6) 

where Kp is given by (10.4). This will clearly be enough to establish (10.3). 

Let x be any vector counted by N*{p"'). We claim that there are there are pre- 
cisely v(p") choices of (a, b, x, y, z) G (Z/p")^ such that p f (o, 6), p | (a;, y) and 

X = {ax, by, ay, bx, z) (mod p"). 

To see this we may suppose without loss of generality that p \ xq- For any of <yj(p") 
choices of a G (Z/p")*, the value of x is determined uniquely modulo p" via the 
congruence xq = ax mod p". But then values of b and y are also determined exactly 
modulo p", which therefore establishes the claim. 

Recall the definition of C'a.b from (1.6). By a convenient abuse of notation we will 
write {x,y,z) G Ca,b{^/p^^) to denote that the underlying quadratic polynomial is 
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congruent to zero modulo p". It now follows that 

N*{p^) = -^ E *{{x,y,z)eCaA^lp^):p\{x,y)} 

a,b mod 
p\(a,b) 

= ^ E E *{{x,y,z)eC^,,{Z/p-):p\{x,y)}, 

J^i ,t^2 ji^s^O a, 6 mod 

p-»||a+(-l)'fe 

where the index i belongs to {1, 2}. Moreover, in view of the fact that (1.7) is always a 

solution of the relevant congruence modulo we may assume in all of our calculations 
that the summand is always positive. Here we recall the convention that p'^\\n if and 
only if i'p{n) = v. 

For given c, e Z, with p \ cd, and given /x, > 0, let us define 



Ap-) :^p-#{(x,,,.) e (Z/p")3 : ^ ^„ }. (10.7) 



It will be convenient to define D^,^{p'^) as for I?* ^{p"), but without the condition 
that p\ {x,y). A little thought reveals that we have 

^;,.(P") = D,,Apn - p-'D,,,{p'^-') (10.8) 

for each n ^ 2 and /U, > 0. Our calculation of D*^ ^,{p'^) will depend intimately 
on the values of n, v and whether or not p is odd. We have collected together the 
necessary information in the following result. 

Lemma 25. — Let p> 2. Then we have 

^S,o(p")=(l-^), (10.9) 

and furthermore, 

D;,o{Pn = (l - ^) + 0(p-("-''-')). (10.10) 

if fj,^ 1 and (— ) = 1. Let p = 2. Then we have 



D* (2") = !^' */'" = '' = «'^'^c + d=0,2mod8, 
^'"^ ' I At, > 3, 1/ = 1 and 2''-ic + rf= 1 modi 



(10.11) 



We postpone the proof of this result until later. For the moment we return to 
the expression for N*{p'^) that we are trying to evaluate. For any prime p and 
i^i)^'2,f3 ^ recall the definitions (2.2) and (2.3) of £i|(i^i, i^2, ^^s) and ■pj^(j^i, i^2, ^^a), 
respectively. In particular it is not hard to see that £'p(t^i, 2^2, 1's) = 0(p''^^''^^'^'^^'^). 
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We have 

N*( "1 = \- J_ \- #{{x,y,z)eCa,t,iypn--P\ix,y)} 

' ^ ^ p2n 

' Vi_,V2,i'3^0 a.bmodp" ^ 

p\(a.b) 

where we have written u = Vi + 1/2 + 1^3 + 1 for convenience. 
Beginning with the case p > 2 let us write 

for c, d coprime to p. Since p f (a, 6) it clearly follows that at most one of z^i, ^2, can 
be non-zero. When they are all zero (10.9) reveals that the summand here is (1 — 1/p^). 
When i^i ^ 1 and 1^2 = ^3 = we know that 2d is a quadratic residue modulo p since 
Ca,b{^/p^) is always non-empty. But then we may apply (10.10) to estimate the 
summand. This same estimate also covers the case in which ^2 or 1/3 is positive. 
When p > 2 we therefore deduce that 

i^^= E ((-i)(i-i)+i + i)j>..^.,^.) 

with V = V1+V2 + VZ + I. Recall the definition (2.6) of g for odd prime powers. It is 
not hard to see that 

(l + i),(p-) = (.-l)(l-l)+l + i. 

It therefore follows that (10.6) holds when p > 2, with Kp = l. 

It remains to deal with the case p = 2. Arguing as for p > 2 we write 

a"^ -b'^ = 2"^+"^c, a^ + b'^ = 2"^d, 

for odd c, d. Since 2 \ (a, b) it now follows that cither 1^1 = = 1^3 = 0, or else ^ 
3 and = 1. In the latter case we have vi ^ 2 and 1/2 = 1, or 1/2 ^ 2 and vi = 1. 
In every case we know that Ca,6(Z/2") is non-empty, and in fact has a solution 
{x, y, z) = (1, 1, a) mod 2". Suppose first that vi = 1^2 = = 0. Then precisely one 
of a, b must be even, and we automatically have c + d= 0, 2 mod 8. But then (10.11) 
implies that the innermost summand in our expression for AT* (2") is 1. When y\^2 
and V2 = vz = 1 we may apply (10.11) with /i = z^i + 1 to deduce that the summand 
is z^i + 1 = 1^1 + 1^2 + 1^3 — 1- The same applies when i^2 ^ 2 and i^i = 1/3 = 1. Putting 
this all together we deduce that 

Yirn^ ' =2(^g^(0,0,0)+ (^i+^2 + J^3-l)e^(j^i,J^2,t'3)J 

vi ,1/2,1/3^0 
1/1+1/2+1/3^1 

= 2 ^ max{l, I'l + z/2 + 1^3 - 1)^2 (i^i) ^^2, 1^3) • 

!/l,l/2,!/3^0 

Recall the definition (2.6) of g for even prime powers. It is now clear that (10.6) holds 
when p = 2, with K2 = 4/3. 
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Proof of Lemma 25. — Throughout our proof of the lemma we can and will assume 
that n is large compared with /j, and i^. 

Assume that p > 2 and let /x = = 0. It follows from Hcnsel's lemma that 

where Mq q{p) is the number of {x, y, z) € ^jpf" such that p \ {x, y) and cx'^ + dy^ = 
mod p. The latter can easily be calculated using Gauss sums with the outcome 
that Mo*o(j3) = p2 _ 1. Hence (10.9) is now obvious. 

We now turn to the calculation of Z?* o(p")j for /i 5^ 1, for which wc will assume 
that ( — ) = 1, so that 2d can be lifted to a quadratic residue modulo p". Hence 

Ul^{p^)=p-^''py{x,y,z) e (Z/p")3 :pt (x,?y), 2cp^T^^y^ ^ modp"}. 

Similarly for D^^ip"^). The contribution to the right hand side from those x, y, z for 
which p] y is 2(1 — 1/p). This follows from an argument based on Hensel's lemma and 
an easy analysis of the corresponding congruence modulo p. The contribution from 
those X, y, z for which p | t/ is if /i = 1 and 

G (Z/p")* X (Z/p"-^)2 : 2cp^a;2 +p2y2 = p2^2 jnodp"}, 
if > 2. Assuming ^ > 2 we therefore obtain the contribution 

p4-2"#{(a;,y, z) G (Z/p"-2)3 . 2cp>'-^ x" + y^ = z'^ mod p"-2} 

-p3-2n^|(^ g (^/p"-2)3 . 2cp''a;2 +2/2 = ^2 niodp"-2}. 

But this is just Z)ju_2,o(p"~^) - P~^-D,i,o(p"'"^)- It therefore follows that 



2(1 -l/p), if/x=l, 
^2(1 - 1/p) + £>^_2,o(p"-') -p-^£>^,o(p"-'), if M > 2. 
Recalling (10.8), we have 

£>i,o(p") = £>t,o(p") +p-^£'i,o(p"-') = 2(1 - 1/p) +p-i£)i,o(p"-^), 

and 

i5^,o(p") = 2(1 - 1/p) + i?^_2,o(p"-'), 
if /X ^ 2. In view of the fact that Difi{p) — 2 and Z)i,o(l) = 1, we easily deduce that 

Z?i,o(p") = 2 + 0(p-("-2))^ 

Moreover, on noting that Da^ip) = 2 - l/p^ and Do,o(l) = 1, (10.8) and (10.9) give 

Do,o{Pn = 1 - l/p^+p-'Do,o{p''-^) = 1 + l/p + 0(p-("-2)). 

Armed with these expression we can conclude that (10.10) holds, as claimed. 

We now examine the case p = 2. Recall the definition (10.7) of -D*^(2") and the 
corresponding definition of £'^^^(2"). Let /x = = 0, under which hypothesis we will 
assume that 

c + rf = 0,2 (mods). (10.12) 

Our argument will diffcir according to which of or 2 it is that c + d is congruent to 
modulo 8. Beginning with the case c + d = 2 mod 8, it is not hard to see that x, y, z 
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are all necessarily odd in the definition of Dq o(2"). Writing a; = 1 + 2x', y = l + 2y' 
and z = 1 + 2z' we deduce that 

i5o*,o(2") = 2-^^#{{x',y',z') e (Z/2"-i)3 : f{x',y') = z' + z'^ mod 2"-^}, 

where we have set f{x', y') = 2e + cx'{\ + x') + dy'{l + ?/) and 2e = (c + d - 2)/4. 
For any a ^T, and any m ^ 1, let us denote by S'o(2'") the number of a; € Z/2'" for 
which a;(a; + 1) = a mod 2™. An easy lifting argument reveals that 

'O, if 2 fa, 
2, if 2 I a. 



Sa{2n = Sa{2) = 



Varying x' ,y' and applying the latter equality to estimate the number of relevant z' , 
we may now conclude that £'o,o(2") = 2-^" • 2"-i • 2"-i -4 = 1 when c + d = 2 mod 8. 
Turning to the case c+d = mod 8, we conclude that x, y are both necessarily odd in 
the definition of Dq o(2") and z is even. Writing x = 1 + 2x', y = l + 2y' and z = 2z' 

we deduce that 

DU2-) ^ 2-2"#{(x',y',z') e (Z/2"-i)-^ : /(x',?/) ee 2z'' mod 2"-'}, 

where f{x',y') is as above but this time with 2e = (c + d)/4. We now conclude as 
previously. Altogether we have shown that (10.11) holds with n = u = 0, under the 

assumption that (10.12) holds. 

We proceed to consider Z?* i(2"), for //, ^ 3, observing that 

L»;_i(2") = 2-2"#{(x,2/,z) e (Z/2")-^ : 2 f (,'i;,?y). 2"c.t2 + 2dy2 = mod 2"} 

= 23-#{(x,,,.)e(Z/2"-)3: ^iig^V,^.,,.^,d2"- }• 
We will make the assumption that 

2''-ic + d=l (mods). (10.13) 

For any odd a G Z and any m ^ 3, let Ta(2™) denote the number of a; S Z/2'" for 
which x^ = a mod 2™. It is an easy exercise to check that 

0, if 2 f a and a ^ 1 mod 8, 
4, if a = 1 mod 8, 



Ta{2n 



for m > 3. This is implied by our previous bound for Sa{2"^), for example. 

Let us consider the contribution from those x, y, z for which 2 { y, appealing to 
(10.13) where necessary. For each x,y € Z/2"~^ such that 2\y and 2''"^ca;^ + dy'^ = 
1 mod 8, our calculation of Ta(2"~^) shows that there are exactly 4 choices for z. 
Altogether, we therefore obtain the contribution 2^"^" • 2"~^ • 2"~^ -4 = 2 when 
/z = 3, and 23-2" . 2"-i . 2""^ -4 = 4 when /x > 4. The contribution from those x, y, z 
for which 2\y \s clearly 

2^-2"#{(a;, y, 2) e (Z/2"-3)3 : 2 f x, 2''-3ca;2 + dy^ = ^2 ^^^^ 2"-3} = N^, 
say. We will show that 

iV.= l'' = (10.14) 

" U-4, if/x^4. ^ ^ 
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Together with the contribution from the previous treatment, this will suffice to show 
that (10.11) holds when /U ^ 3 and 1^ = 1, under the hypothesis (10.13). 

Turning to the proof of (10.14), suppose first that fx = 3. Then d = 5 mod 8, 
by (10.13), and 

Ns = 2^-2"#{(j;, y, z) e (Z/2"-3)3 : 2 | x, cx^ + dy^ = z'^ mod 2"-^}. 

When 2 I 2/ we note that for any a;, y G Z/2""^ such that 2\x and cx^+dy"^ = 1 mod 8, 
there are 4 choices for z. The condition modulo 8 is clearly equivalent to c + 5?/^ = 
1 mod 8. In particular, assuming that c = 1 mod 4, we get an overall contribution of 
27-2n . 2^-4 . 2"-5 .4 = 1. Alternatively, the case 2\y contributes the same amount 
via a similar argument, but this time under the hypothesis c = 3 mod 4. Together 
this confirms that Nz is indeed 1. 

The case /x = 4 is easily seen to be impossible, whence A^4 = 0. Turning to the 
case = 5, for which (10.13) implies that d=l mod 8, we deduce that both y and z 
must be even. Hence it follows that 

TVs = 2"-2"#{(a;,y,z) € (Z/2"-^)^ : 2 | x, cx^ + y"^ = mod 2""^}. 

The argument now goes as for the case /i = 3, with a separate analysis of the cases 2 | y 
and 2\y. Each contributes 1 to A^5, but only one such case arises according to whether 
c is congruent to 1 or 3 modulo 4. Hence A^5 = 1. 

Finally let us turn to the case /x ^ 6, for which we still have d=l mod 8 by (10.13). 
It will now be convenient to write Nfj, = Nij,{n) to indicate the dependence on n in the 
definition. Now cither y, z are both odd or they are both even. Since 2^^^ cx^ + dy"^ = 
1 mod 8 whenever /U > 6 and y is odd, so it follows that the contribution to iV^(n) 
from odd y is 2'^"^" • 2^("~^) • 4 = 2, by our expression for Ta(2™). The contribution 
from even y is easily seen to be N^^2{n — 2). But then induction on /i reveals that 
the contribution from even y is /U — 6. Together the two contributions suffice to ensure 
that (10.14) holds when /x > 6. □ 



Appendix by U. Derenthal 

The nef cone volume in degrees 3 and 4 

The nef cone volume. — For d G {3, . . . , 6}, let X be a non-singular del Pezzo 
surface of degree d, defined over a perfect field k with an algebraic closure k. We 
want to study the nef cone volume of X, defined by Peyre [22, Definition 2.4] to be 

a{X) = Yo\{x e Nef(X) | (a;, -Kx) = 1}, 

where —Kx is the anticanonical class, Ncf(X) is the dual cone with respect to the 
intersection form (•, •) of the cone of classes of effective divisors in Pic(X) (^z and 
the volume form is described in [23, Section 6], [12, Section 2]. Assume X{k) ^ 0. 
Then Pic(X) = Pic(X^)'^^ where % = X fc and Gfe = Gal(fc/fc) is the absolute 
Galois group. 
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By [12, Section 7], a{X) depends only on the action of Gk on the Unes on X. More 
precisely, this action of Gk factorises through the Weyl group W{R) associated to the 
root system 

R = {Ee Pic(X^) I (E, E) = -2, {E, -Kx) = 0}. 

By [12, Corollary 7.3], the constant a{X) depends only on the conjugacy class of the 
image H of Gk as a subgroup of W [R) . 

The conjugacy classes of subgroups of W{R) can be listed using Magma [2], for 
example. By the results of [12, Section 7], the computation of a{X) corresponding 
to a given subgroup H is completely straightforward. One determines the sum of 
elements of each orbit under the action of H on the set of classes of lines in Pic(X^). 
By [12, Corollary 6.4], these sums generate the cone of effective divisors in Pic(X). 
Using [14], for example, one computes the dual of this cone and then the volume a{X). 

Results. — Our goal is to compute a{X) corresponding to all conjugacy classes of 

subgroups H of W{R), but to organise the results in a way that allows us to read off 
ol{X) for a given del Pezzo surface X without determining the corresponding H. 

For d = 5, 6, the values of a{X) corresponding to all conjugacy classes of subgroups 
of W{Ai) resp. W(A2 + Ai) are listed in [12, Tables 6, 8]. 

For d = 4, it turns out that a{X) depends only on the rank of Pic(X) and, if 
rkPic(X) e {2, 3, 4}, the number of fc-rational lines on X. Even though there are 197 
conjugacy classes of subgroups of W{T>^), we get just nine cases that can be found in 
Table 1. 



rkPic(X) 


fc-rational lines 


a{X) 


6 


16 


1/180 


5 


8 


1/36 


4 


4 


1/9 


4 





1/6 


3 


2 


1/3 


3 





1/2 


2 


1 


2/3 


2 





1 


1 





1 



Table 1. a{X) for quartic surfaces X 



For (i = 3, the Wcyl group ^^(Eg) has 350 conjugacy classes of subgroups. Here, 
the value of a{X) depends not only on rkPic(X) and the number of /e-rational lines on 
X-j^. In most cases, it is enough to consider the following additional information on X: 
if there are rii orbits of length a^, for i € {1, . . . , t}, then wo denote this orbit structure 

by (a"^ , ■ . . , a"*)- Note that n\a\-\ hnta* is the number of lines on X-j^. The values 

of a{X) for X of degree 3 can be found in Table 2. Only if this orbit structure is 
(S"*; (y') (i.e., there are three orbits of length 3 and three orbits of length 6), this does 
not yet determine a{X) (marked by * in the last column of Table 2). In this case. 
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rkPic(X) 


fc-ratl. lines 


orbit structure 


a{X) 


7 


27 




1/120 


6 


15 




1/30 


5 
5 


7 
9 




1/8 
5/48 


4 

4 
4 


3 

3 
5 


(l^2^^),(l^2^4^),(l^2^4^) 
(l^2^3^6l) 


7/18 
3/8 
5/18 


3 

3 
3 

3 
3 



1 
1 

2 
3 


(11,22,32,41,62), (11,24,32,62) 
(11, 23,45),(li, 23,43,81), (11,25, 42,81), 
(1^2^ 44),(li, 22,42,61,81) 


1 
1 

5/6 
17/24 
1/2 


2 

2 







(3^63) 

(32, 62,91). (35, 62) 


* 
2 


2 
2 

2 





1 


(2i,5M0i),(2i,5i,102) 
(31, 6^), (31, 52, 121), (6^,91), (62,151) 


3/2 
4/3 
1 


1 







1 



Table 2. a{X) for cubic surfaces X 



we obtain a{X) as follows. Compute the sums of elements of each of thcisc; six orbits. 
If this gives six different elements of Pic(X^), then a{X) = 2; otherwise, these sums 
give four different elements of Pic{X^), and a{X) = 4/3. 
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